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We dedicate this work to Dr Omer Blaes, professor of physics at UCSB, on the occasion of his
sixtieth birthday. We have been collaborating now and then with Dr Blaes on problems involv-
ing oscillations, waves and stability1. Happy birthday, Omer. Enjoy the analytic treatment of
damping of the gravitational waves trapped inside ultra compact stars and its possible con-
nection to Quantum Gravity in the context of the LIGO-Virgo e�orts in accurately measuring
ringdowns and echoes.

1 Quantum Gravity is coming to town.

There is a widespread hope that the recent advances in technology for observing the black hole
high energy phenomena � in particular the gravitational wave detections by LIGO-Virgo (LV)
and the close-up imaging of black holes in M87* and SgrA* by the Event Horizon Telescope
(EHT) � could provide means of a direct check on some Quantum Gravity (QG) ideas. Cardoso
and Pani in an excellent recent review3 elaborate on the consensus opinion that some of the
features anticipated in observations by LV (e.g. the echoes and/or the non-standard ringdown
shape) and by EHT (e.g. �the second ring�) may distinguish between the Kerr black hole and
some of its alternatives � e.g. strange stars, gravastars, wormholes, �rewalls � by proving that
the objects observed are horizonless.

However, there is a minority opposition to this, most eloquently expressed by the late Freeman
Dyson4,5, who points out that QG is meaningless if we have no apparatus able to detect a single
graviton. Dyson formally proved that LV, even when updated, cannot for a fundamental reason
detect a single graviton. In this paper we reply to this criticism by recalling an analogy with
electromagnetic radiation. Physicists long before being able to detect single photons, had at
hand proofs of the quantum nature of light, e.g. by observing the Fraunhofer lines. Here we
suggest, although we do not prove, that in the observed ringdown phenomenon there could be
detectable imprints of the fact that the energy of the gravitational radiation is carried in �nite
portions � the gravitons.

aBased on an unpublished paper by Horák, Klimovi£ová and Abramowicz 2.



2 The Teukolsky wave equation for the internal Schwarzschild metric in the optical

geometry representation.

Let us rewrite the well-known Schwarzschild solution describing the vacuum metric outside a
spherically symmetric, static body with mass M (and gravitational radius rG = GM/c2) in the
�optical geometry� form:

ds2 =
(

1− rG

r

)[
dt2 −

(
1− rG

r

)−2
dr2 −

(
1− rG

r

)−1
r2(dθ2 + sin2 θdφ2)

]
(1)

= e−2Φ
[
dt2 − dr∗2 − r̃2(dθ2 + sin2 θdφ2)

]
= e−2Φ

[
dt2 − dh2

]
. (2)

The optical geometry appears in the square brackets � it is conformal to the original Schwarzschild
metric. The second line (2) represents optical geometry for any static, space-time geometry in
spherical coordinates. The 3-D �optical space� has the metric −dh2 = γikdx

idxk.
In the Minkowski metric, Φ = 0, and r∗ = r̃ = r, but in general, one has

Φ = −1

2
ln gtt, r∗ =

∫ √
−grr
gtt

dr, r̃ =

√
−gφφ
gtt

. (3)

Along a null geodesic, i.e. along a light or gravitational wave-front trajectory ds = 0. From the
Fermat principle, δ

∫
dt = 0 along light trajectories in static space-times. Thus, from (2) one

concludes that δ
∫
dh = 0 along light trajectories: they are geodesic lines also in the 3-D optical

space6.
The optical geometry corresponding to the interior of a constant density Schwarzschild star

is spherical and isometric with spatial sections of the static Einstein Universe with the curvature
scalar R = 6/ã2 = const. The 3-D optical space corresponding to the internal Schwarzschild
solution has the metric,

dh2 =
[
dr2
∗ + r̃2

(
dθ2 + sin2 θ dφ2

)]
, r̃ = ã sin(r∗/ã). (4)

The spherical geometry of the 2-D equatorial plane θ = π/2, dθ = 0 is shown as an embedding
diagram in Figure 4. The interior (indicated by the color) and the exterior Schwarzschild solution,
join at the radius of the star r = R < (3/2)rG. Note that the radius ã of the spherical bulge
equals (we use geometrical units with c = 1 = G),

ã =
R

2

(
R

M

)1/2(
1− 9

4

M

R

)−1/2

(5)

where R is the radius of the star and M is its mass. For compactness M/R = 4/9 the radius of
the bulge tends to in�nity. This is the maximal compactness a non-singular Schwarzschild star
could have � the Buchdahl-Bondi limit7.

Let the wave function be described in the Minkowski space-time by the standard formula,

Ψ(t, r, θ, φ) =

∞∑
`=0

∑̀
m=−`

{
W`m(r)Pm` (cos θ) e−iωt e−imφ

}
. (6)

Pm` (cos θ) are the Legendre polynomials. After the standard separation of variables, the radial
part of the wave equation in the axially symmetric case ∂φ = 0, m = 0, takes the familiar form:

Minkowski: rW =

[
ω2 − ∂2

∂r2 + V (r)

]
W = 0, where V (r) =

`(1 + `)

r2 . (7)

Using the optical geometry reasoning based on the spirit of equation (2), one may immediately
guess the correct form of the wave equation (�the Teukolsky equation�) in a general static space-
time, just by removing the Minkowski degeneracy r = r∗ = r̃.

General: rW =

[
ω2 − ∂2

∂r2
∗

+ V (r)

]
W = 0, where V (r) =

`(1 + `)

r̃2 + δV (r). (8)



The frequency of the wave is a complex quantity, with Re(ω) = σ being the frequency of the
quasi-normal modes, and Im(ω) = 1/t0 being the inverse of a characteristic damping time of
these modes, i.e. of the �ringdown� in the LV language.

3 Formal solution of the Teukolsky equation.

It would be convenient to introduce new variables (see Figure 4), χ ≡ r∗/ã, κ ≡ ãω, and write
the Teukolsky equation (8) in a dimensionless form,

d2W

dχ2 +
[
κ2 − ã2 (V` + δV )

]
W = 0, where V` ≡

`(`+ 1)

r̃2
� δV (9)

We solve the Teukolsky equation separately for the exterior and interior Schwarzschild solutions,
adopting the regularity condition at the center and no ingoing wave at in�nity,

W ′(0) = 0,
[
W ′ − iκW

]
χ→∞ = 0 (10)

The exterior solution is given by the WKBJ approximation,

Wext =

(
Θ

γ

)1/4

[Ai(Θ)− iBi(Θ)] , (11)

with Ai(Θ) and Bi(Θ) being the Airy functions, and

Θ ≡
[

3

2

∫ rt

r(χ)

γ(r)

(
dχ

dr

)
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]2/3

, γ(r) ≡
√
ã2Vext(r)− κ2. (12)

The interior solution is given in terms of the associated Legendre functions:

Wint(χ) = (sinχ)1/2Qµν (cosχ), µ = `+ 1/2, ν = κ− 1/2 (13)

Matching the interior and exterior solutions at the surface of the star r = R reveals the eigenvalue
nature of the problem. The matching is possible only for the eigenfrequencies κ characterized by

Re(κ) = n, Im (κ) = −A`
n2λ(`+ n)!

(n− `− 1)!
× exp

(
32

27
πnx1/2

)
xλ+`+1/2. (14)

Here λ2 = `(`+ 1), A2 = 1.165× 10−2 and x = 1− 9M/4R.

4 Optical geometry solution for Re(κ) and Im(κ).

χ

r = 3M

r = R
circumference

= 2πã

Figure 4: The Schwarzschild optical

space (θ = π/2 cut). The interior

solution is indicated by the color.

χ is the rescaled proper distance
from the center of the star, and
ã is the circumferential radius of
great circles at the spherical bulge
of the stellar interior: the great cir-
cles are geodesic lines in the metric
(4), therefore they are light trajec-
tories in the optical space. It was
noticed8 that a standing wave that
has n nodes along a great circle, ob-
viously has frequency

κ = n (a)

This agrees with the formally de-

rived equation (14) for Re(κ).

One may estimate the mode decay
time t0 by considering the black
body radiation with a uniform en-
ergy density ε enclosed in a con-
tainer. The radiation �ux that leaks
from a small hole in the container is
f = 4ε/c. Therefore, t0 = εV/fA,
where V(R) is the volume of the
container and A(R) is the surface
area of the hole. Using the explicit
form of these two functions that are
known in the Schwarzschild internal
solution, one arrives at (for ` = 2):

t0 = constx−3/2 (b)



5 Discussion
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Figure 5: Solid lines: equations (14)

and (a). Points: numerical9.
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Solid lines: (14). Dashed line bb:

eq. (b). They do not coincide.

Our formal calculation of t0 is based

on the classical, non-quantum,

Teukolski equation, while the bb line

in the Figure is calculated from the

quantum black body EM Planck for-

mula: radiation in the container

consists of individual photons and is

radiated away photon by photon. If

this makes any practical di�erence,

the ringdown shape, observed su�-

ciently accurately, should therefore

be a�ected by the existence of gravi-

tons!

6 Conclusions and plans

Discrete orbital structures (i.e. ones described by natural numbers) are typical of many aspects of classical celestial
mechanics: well-known examples are Newton's orbital resonances or Einstein's holonomy invariance of parallel
transport10,11, and the kilohertz quasi-periodic oscillations12−15. In all of these situations the gravity has no
discrete aspects, only the orbits have them. All of these e�ects are observed.

In this paper we described the discrete features of the �ringdowns� i.e. damped gravitational wave-fronts:
(a) classically, by solving the Teukolsky equation and (b) quantum-mechanically, by employing a supposed
graviton-photon analogy, based on the black body formulae. These two descriptions give di�erent results. We
argue that in a more sophisticated theoretical analysis of the ringdowns than presented here, the discrete nature
will mature into a kind of the �Planck formula for gravitational radiation�. Because the ringdowns are observed

by the LV interferometers, this will be a sure step towards experimental quantum gravity.

We are now working on a few follow-ups: (i) A �topology catalogue� of ringdowns, re�ections and echoes for

�topology di�erent� ultra-compact objects. (ii) A non-linear Teukolsky equation and possible GW gravitational

resonances. (iii) Application of the Rayleigh-Jeans law into wave turbulence: di�erent wave modes exchange their

energy (like nonlinear harmonic oscillators) to reach equipartition. One may apply the same to GWs and perhaps

repeat the RJ derivation with a Planck-like ansatz.
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