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The correlations and anticorrelations in QPO data
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Abstract. Double peak kHz QPO frequencies in neutron star sources varies in time by a factor of hundreds Hz while in
microquasar sources the frequencies are fixed and located atthe lineν2 = 1.5ν1 in the frequency-frequency plot. The crucial
question in the theory of twin HFQPOs is whether or not those observed in neutron-star systems are essentially different
from those observed in black holes. In black hole systems thetwin HFQPOs are known to be in a 3:2 ratio for each source.
At first sight, this seems not to be the case for neutron stars.For each individual neutron star, the upper and lower kHz QPO
frequencies,ν2 andν1, are linearly correlated,ν2 = Aν1 + B, with the slopeA < 1.5, i.e., the frequencies definitely are
not in a 1.5 ratio. In this contribution we show that when considered jointly on a frequency-frequency plot, the data for the
twin kHz QPO frequencies in several (as opposed to one) neutron stars uniquely pick out a certain preferred frequency ratio
that is equal to 1.5 for the six sources examined so far.
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1. Introduction

It has been recognized some time ago (Bursa 2002, Figure 1
in [Abramowicz]) that the pairs of high-frequency QPOs ob-
served inall neutron star sources can be fitted by a single
linear relation

ν2 = 0.89ν1 + 375 Hz , (1)

whereν2 andν1 refers to the upper and lower observed kHz
QPO frequency, respectively (Figure 1. in [Abramowicz]).
The linear correlation between the pair frequencies becomes
even more apparent if we restrict ourselves to individual
sources, though the coefficients of the relation (1) slightly dif-
fer from source to source. A particular example is the case of
Sco X-1, where the observed frequencies are well fitted with
the linear dependenceν2 = (3/4)ν1 + 450 Hz with the accu-
racy better than one percent.

Abramowiczet al. (2003) pointed out that the distribution
of frequency ratios is strongly peaked near the 1.5 value, but
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made no statement about the actual correlation of frequen-
cies. A concern has been raised whether their result is a sta-
tistical illusion (Belloniet al. 2005).

In this contribution we examine the linear frequency–
frequency correlations for six neutron-star sources:
4U 1820−30, 4U 1728−34, 4U 0614+09, 4U 1608−52,
4U 1735−44 and 4U 1636−53, and show that within errors
the correlations are consistent with the following statement:
the plots of the sixν2 = Aν1 + B relations intersect in
one point [N1, N2], with N1≈600 Hz, and the ratio of
the frequencies in the intersection pointN2/N1 =1.5 to
high accuracy. To demonstrate this, we plot the five pairs
of coefficients,A and B, and show that their are linearly
anticorrelated.

2. Anticorrelation between the slope and shift

We examine the six individual neutron star sources by fitting
each of them with a linear formula

ν2 = Aν1 + B , (2)
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3 A POSSIBLE EXPLANATION

Table 1. Best linear fits and their errors for the frequency-frequency
correlation

Source A ∆A B [Hz] ∆B [Hz]

4U 1636 0.58 0.03 622 27

4U 1608 0.76 0.03 456 16

4U 1820 1.02 0.09 255 66

4U 1735 0.61 0.05 593 39

4U 0614 0.79 0.02 420 5

4U 1728 0.98 0.02 330 5

where the coefficientsA andB are referred to as the slope and
shift, respectively. The resulting values of the slope and shift
and of corresponding errors for each source are summarized
in Table 1 and plotted in Figure 1 showing the slope–shift
plane. The dependenceA=A(B) strongly suggests that the
two quantities are anticorrelated. The linear fit for the anti-
correlation gives

A = (1.50 ± 0.03)− (0.0016± 0.0001)Hz−1 B. (3)

As it was mentioned above, this result is consistent with the
statement that the six linear plots of theν2–ν1 relations inter-
sect in one point[N2, N1]. The frequenciesN2 andN1 can
be determined from the coefficients of the anticorrelation (3),
from which we obtain

N2 = (940 ± 80)Hz , N1 = (625 ± 40)Hz . (4)

The ratio of frequenciesN2/N1 at the intersection point
equals to 1.5 with the accuracy of 15%. Hence, it is remark-
able that neutron stars QPOs pick up the same 3:2 ratio com-
mon for the black-hole sources. We can rephrase the equation
(3) to the form

A =
3

2
−

B

625 Hz
. (5)

3. A possible explanation

It has been suggested that QPO arises in resonant interac-
tion between the radial and vertical oscillation modes in the
relativistic accretion flow. The strongest possible resonance
occurs at the radius, where the radial and vertical epicyclic
frequencies are in the 3:2 ratio.

In general, the frequency and the amplitude of nonlinear
oscillations are not independent. In the lowest order of ap-
proximation the observed frequenciesν differ from the eigen-
frequenciesν0 of oscillators by corrections proportional to
the squared amplitudes. We consider system having two os-
cillation modes, whose eigenfrequencies areν1,0 and ν2,0.
The frequencies of nonlinear oscillations may be written in
the form

ν1 = ν1,0 + ∆ν1, ν2 = ν2,0 + ∆ν2, (6)

The frequency corrections∆ν1 and∆ν2 are proportional to
the squared amplitudes

∆ν1 = κ1a
2

1
+ κ2a

2

2
, ∆ν2 = λ1a

2

1
+ λ2a

2

2
, (7)

whereκ1, κ2, λ1 andλ2 are constants depending on nonlin-
earities in the system.
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Fig. 1. The anticorrelation between the shift and slope. The figure
shows the result obtained from the analysis of the data. Eachpoint
in the plot corresponds to the particular source. The shiftA and the
slopeB correspond to the best linear fit of theν1 − ν2 correlation.
Clearly,A andB are anticorrelated among the sources. The linear fit
for the anticorrelation and the errors of the fit are given in the figure.
Note that value of the fit crosses vertical axis very close 1:5. This
fact is in agreement with the idea that the excitation mechanism of
QPOs is 3:2 resonance.

Let us suppose that for some reason the two amplitudesa1

anda2 are correlated. Thus, one may consider the amplitudes
as functions of a single parameters,

a1 = a1(s), a2 = a2(s), (8)

Such relations can be considered as a natural consequence
of the interplay between the resonance excitation mechanism
and the dissipation of the energy in the system.

It follows that the frequencies of nonlinear oscillationsν1

andν2 are correlated as well. Up to the linear order ins, we
obtain from equation (6)

ν1 = ν1,0 + ν1,0F1s + O(s2), (9)

ν2 = ν2,0 + ν2,0F2s + O(s2), (10)

where the coefficientsF1 andF2 are given in terms of con-
stantsκ1, κ2, λ1 andλ2 of frequency corrections (7) and of
the derivativesda1/ds andda2/ds at the points = 0.

Isolating the parameters from equations (9) and (10) we
get the linear correlation between the observed frequencies

ν2 = Aν1 + B, (11)
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Fig. 2. The effect of1/M -scaling on the anticorrelation between the
shift and slope. The solid line is the best fit of the anticorrelation
given by equation (3). In the spirit of1/M , it corresponds to a ‘typ-
ical’ neutron-star mass between the examined system. Dashed lines
represents the best fit rescalled to0.92M and1.25M . The

where the slope and shift are respectively given as

A =
ν2,0

ν1,0

Q, (12)

B = ν2,0(1 − Q) (13)

and we defineQ asQ ≡ F2/F1.
The observed frequenciesν1 andν2 of systems with dif-

ferent amplitude prescription (8) are correlated in a different
way. Any particular value ofQ leads to particular values of
the slope and the shift. However, if the eigenfrequencies of
the systems are similar, the slope and shift are necessarilyan-
ticorrelated. Solving the equations (12) and (13) for the pa-
rameterQ, we obtain

A =
ν2,0

ν1,0

−
1

ν1,0

B. (14)

From the resonance condition it follows that the eigenfre-
quency ratioν2,0/ν1,0 is approximately 3/2. Therefore we ar-
rive at

A =
3

2
−

1

ν1,0

B . (15)

4. Discussion and Conclusions

In black-hole sources the observed QPO frequencies are fixed
and always have the ratio 3/2. It has been recognized that
their actual frequencies scales inversely with massM as-
suming a similar value of the spin (McClintock & Remil-
lard 2005, [van der Klis], [Török]). In neutron-star sources

the frequencies are not fixed, but their distribution seems to
cluster around a single line for each individual source. By
linear fitting the observed data, we have found out that these
lines intersect around a single point[N1, N2], which have co-
ordinates given by equation (4). The fact that the frequencies
are close to 3:2 ratio supports the idea that there is a simi-
lar mechanism at work in both classes of sources. Moreover,
if we extend the black-hole1/M scaling law up to the fre-
quency of the intersection point, we obtain a mass of order of
one solar mass (assuming zero angular momentum for neu-
tron stars), which provides an additional hint.

Assuming that the1/M -scaling can be adopting also to
the neutron-star QPOs, the fact that the individual positions of
the sources in theA-B plane do not strictly follow the anticor-
relation line can be attributed to small differences in neutron-
star masses. By scaling the 614 Hz frequency of equation(3),
we find that theA − B is steeper or softer for more massive
or less massive sources respectively. This is demonstratedin
figure 2. Under this assumption the deviation in the masses
of examined neutron stars should not be greater than∼ 20%.
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