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Weak nonlinear coupling between epicyclic modes in slender tori
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ABSTRACT

We examine nonlinear oscillations of slender tori in thenitg of black holes and compact stars. These tori represseiul probes
of the complicated, nonlinear dynamics of real accreti@ksland provide at least qualitative understanding of thagillations. We
demonstrate that epicyclic modes of such tori are weaklypleslidue to the pressure and gravitational forces. We exlbpossible
resonances between two epicyclic modes up to the fourth.aMieshow that the strongest resonance between axisynemsides is
3:2. In addition, any resonance between an axisymmetri@arah-axisymmetric mode is excluded due to axial and egaajgane
symmetries of the equilibrium torus. We examine a paramettcitation of vertical axisymmetric oscillations by raldoscillations
in the 3:2 resonance. We show that the resonance may be cégni€inly for high-amplitude radial oscillations.
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1. Introduction 2002) and, adopting the approximation of a slender torwes; th
i o i _ ... showed that the existence of these modes is quite independen

In the past thirty years, the oscillations of fluid tori o8 f the torus equation of state (Abramowicz et al. 2006). t,ate
around massive compact objects were studied systemwlicai|aes et al. (2007) demonstrated that the epicyclic modsss al
partlcularly in the context of the stability of thick acamt _exist in thicker polytropic tori and found approximate ex®r
disks (Papaloizou & Pringle 1984, 1985; Blaes 1985; Gotlirei sions for their eigenfunctions and eigenfrequencies.
et al. 1986; Goodman et al. 1987; Narayan et al. 1987, and The resonance arises due to nonlinear coupling between
many othe.rs). Torus oscillations have attracted renev\Mat the epicyclic modes. In the scenario suggested by Kluz&iak
tion following the discovery of kilohertz double-peak qisas apramowicz (2002), one mode is first excited externallyait
periodic oscillations (QPOs) in the light curves of several |,y o external periodic forcing due to rotation of the cdrita
creting black holes (see McClintock & Remillard 2006 for a regct (Lee et al. 2004; Lee 2005) or by a stochastic forcing due
view). Frequencies of these oscillations are often in tBa@io 14 tyrhulence in the accretion flow (Vio et al. 2006). The othe
and they are detected mainly when a source is in a so-catlef Sty qde is then continously supplied by the energy from the ésrm
power-law state. The geometry of the accretion flow in tha#est e yia the parametric resonance. The nonlinear interantiy
is not yet clear, nevertheless a fluid torus created by sutista e srong enough and the amplitude of the second mode may
pressure gradients in the inner parts of the accretion disk &y entyally exceed the amplitude of the first mode. In thengtro
supporting discrete trapped oscillations is a plausiblesil- .5y jtational field, the strongest resonance occur wheriréhe
ity. Such tori appear in many non-radiative global simaiasi 4,ency ratio of the vertical and radial oscillations is elts 3:2.
as natural components of magnetohydrodynamic turbulent ac |, the context of QPOs, the resonandeets in thin accre-
cretio_n flows (Balbus & Hawley 2002; De Villiers et al. 2003405 disk were already studied by Kato (2003, 2004, 2008, and
Machida et al. 2006). S _ _ references therein). In these models, QPOs are identifigd wi

In some models, QPOs are identified with twdfelient \yaves (corresponding to eithgrmode orp-mode oscillations),
modes of torus oscillations. For example, Rezzolla et 808} parametrically excited by the deformation of the disk (warp
described QPOs as the two lowest-orgemode oscillations or precession). Mutual nonlinear interactions betwederint
of a polytropic torus of small thickness with constant aagul modes of a thin disk were recently studied also by Fogetstro
momentum distribution. Similarly, Blaes et al. (2006) eeld ¢t g|. (2008) using a local approximation.
linear oscillations in slender tori and identified the tV[Zieak In this note’ we further examine the importance of nonlin-
QPOs with the vertical epicyclic mode and the breathing modgar coupling between epicyclic oscillations of the slertdeus.
Although frequencies of these modes depend on the positiongince the geodesic equations are separable, earlierstbdized
the torus in the accretion ﬂOW, their ratio remains close:Bi® on epicyc”c motion of test partic'es’ used an additiondifmc’
a wide range of radii. force to initiate the resonance (Abramowicz et al. 2003;UReb

In this context, Abramowicz & Kluzniak (2001) propose®004). We show that in the case of epicyclic modes of fluid
an interesting general idea that a nonlinear resonanceebetwiorus, the situation diers and both epicyclic oscillations are nat-
two modes of accretion-disk oscillations is responsibledio- urally coupled due to pressure and gravity. We also estithate
served QPOs in both black-hole and neutron-star sourc@sy Bestrength of this coupling.
more specific, they identified them with the radial and verti- The plan of the paper is following. In Sect. 2, we briefly in-
cal epicyclic modes of accretion tori (Kluzniak & Abramaai  troduce the approximation of slender tori and review thenfalr
ism that we use to calculate nonlinear interactions amargisr
Send offprint requests to: horak@astro.cas.cz torus modes. This formalism is similar to that used freglydat
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modeling nonlinear oscillations of rotating stars (e.gsby & For infinitely slender torus, the Eulerian eigenfunctiofis o
Schutz 1979; Schutz 1980a,b; Kumar & Goldreich 1989; Wu &e radial and vertical epicyclic modes &k o« (r —ro) exp(img)
Goldreich 2001; Schenk et al. 2002; Arras et al. 2003). 8e&i andW, « zexp(img) (see Blaes et al. 2006). Each of the eigen-
describes the coupling cfircients. We estimate the relative im-functions corresponds to both a positive and negative atioot
portance of pressure and gravitational coupling ffedent types eigenfrequency of the mode;y = +w; andoy = *wy, re-

of torus oscillations. In Sect. 4 we discuss possible resoes spectively. In the Lagrangian description, the eigenfiomstand
between epicyclic modes based on their symmetry propertiegyenfrequencies of the epicyclic modes are given by

and describe a particular example of the 3:2 epicyclic rasoa. 20
Sections 5 and 6 are devoted to discussion and our conctusiog, = A, {1, L2 0 0} €™ W =mQg+ wr )
wrlo
2. Formalism and _
£y =A (0,0, 1™, wy =mMQg + w;,, )

A stationary configuration of the Newtonian slender toruain
general axisymmetric gravitational fiedd\(r, z) is described by whereA, and A, are normalization real constants. The eigen-
Blaes et al. (2007). The torus consists of a polytropic fluithw functions of the two modes with opposite eigenfrequendies a
the equation of statp « p*¥/", wherep andp are the pressure complex conjugated, i.e. it &) represents the solution to the

and the mass-density at a given point, ani$ the polytropic eigenvalue problem then another solution-g)(&*).

index. In cylindrical coordinatefs, ¢, z}, the velocity of the sta-
tionary unperturbed flow is purely azimuthak Qe, (g, is the

unit vector in the azimuthal direction) and constant atraydirs
r = const, i.e.Q = Q(r). Furthermore, the torus is symmetricrhe nonlinear oscillations of polytropic torus are govetiy
with respect to the equatorial plane. The density and pressthe partial diferential equation

profiles of thle torus can be expressedo@s) = pof"(x) and D% 1

p(x) = pof™+(x), wherepp andpg are the density and pressurePs 1o 1 e i g ivuid — 4

at the center of the torus (the circle- ro; hereafter the subscript Dt2 ,oVJ [(y Lp(V-£)g" + pv'e ] FEVIVO = 23(é). (4)

‘0’ refers to an evaluation at this point) ari@x) is an auxiliary . . L
function (f = 0 and 1 correspond to the boundary and the celyhere DDt = O+ VeV is the_La_lgrang|an_ flow derivative,
1 + 1/nis another polytropic index ang!! denotes con-

ter of the torus). The size of the torus depends on the Slendt‘%?/ariant components of the metric tensor. All nonlineaints
ness paramet@; which is defined by? = 2(n+ 1)po/ (0ol 523). . . oo :
The azimuthal velocity at the torus center is given by thalloc®'€ absorbed into the acceleration tegft) on the right-hand

Keplerian angular frequendyo = (r~6,®)o. side of the equation. L .
In the limit of 3 — 0, the torus with a constant-angular- At @ given time, the Lagrangian displacement of the nonlin-
momentum distribution has an elliptical cross-section tave 2" 0scillations can be expressed as a linear combinatigreof

i i o 2
lengths of the major and minor axes in the ratio of the radil a -@9rangian eigenfunctios”,
vertical epicyclic frequencies measured at the centeraofdius, _ Ry g
w? = (020)o+393 andw? = (92d)o. The distance from the outer®® %) ZA: Cal) §a(X). ®)
or inner edge to the center of the torus\is= Sro/w; + O(5?),
wherew, = wy/Qo.

2.2. Nonlinear coupling

where the capital Latin indices symbolizegfdrent modes. The
codficientscy describe the time-dependent instantaneous am-
plitudes and phases offtiérent linear modes. When this form is
2.1. Linear perturbation substituted into Eq. (4), we obtain a system of many osoiitat

Since the equilibrium configuration is stationary and axigyet- dca . i,
ric, all linear perturbations are proportional to exiflot —mg)l,  “dt_ +lwaCa = b_A?_A(C')' 6)
imuthal wavendmber of the perturbaton. The elgenfunsigt, Different oscillators are coupled by noniinear functiggo.).
the torus are traditionally expressed in terms of the Pagmaucs. " the absence of nonlinearities, the solutions of Eq. (€)er-
Pringle (1984) variableV = —5p/(op), wheresp is the Eulerian MON'C functionsca ~ explwat) and Eq. (5) becomes just a su-
pressure perturbation and = w — mQ is the eigenfrequency perposition of linear modes. The dfeientsba depend solely

; ; ; AT d takes into account the normalizations of the modal
measured in the system comoving with the equilibrium flow. I $A and .
next, these functions are referred to as the Eulerian aigenf eigenfunctions. They are given by (Schutz 1980a; Schenk et a

tions. 2002),
Alternatively, the same perturbations can be expressed in 2 2 2 . "
terms of the Lagrangian displacement ba = 2fvp {O—A [(frA) + ()7 + (rén) ] - z'mfka} . (@)
M2W — 20Qr oW i(moW - 2Qr o/W)  9,W whereV is the torus volume. The nonlinear coupling functions
= 20r(c2-%2) (2= RD)r T [ can be expanded into a Taylor series,

wherex® = r3%d¢?/dr and(r) is the angular-momentum dis-TA = ZKABC CaCc + Z kngcp CeCcCp +

tribution, £(r) = r2Q(r). The vector field¢ is referred to as the BC BCD

Lagrangian eigenfunctidn Z KABCDE CBCCCDCE + . .. . (8)
B,.CD.E

1 The diferences between equation (1) and the equation (2.14) of
Papaloizou & Pringle (1985) are due to &eient definition of the coro- 2 In the case of Jordan chain modes the expansion (5) must be com
tation frequencyr pleted by the associated Jordan-chain vectors (see Schehi2802).
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The codficients of this expansiomagc, kascp @ndkascpe are  where brackets in the indices denote the symmetrizationaFo
the three-mode, four-mode and five-mode couplinglodents. simpler notation, we introduce scalars
These are studied in detail in the following section.

Equation (6) is not applicable to Jordan-chain modes, for”A = (Viflé\)’ ‘ (18)
which by = 0. This is not however the case for the epicyclicnag = (Viéy)(Vip) (19)
modes. It can be verified using Egs. (2), (3) and (7) that - i
e @O e = TN (20)

= + = +
' “r ” w2 v © The three-mode pressure-coupling ffiméents were derived
where by Dziembowski (1982), Kumar & Goldreich (1989), and re-
ZnZ,BZrSpo viewed recently by Schenk et al. (2002). The four-mode cou-
M= fp(X)dV S hiDoo, (10) pling coeficients were derived by Van Hoolst & Smeyers (1993)
\ rz

(see also Van Hoolst 1994) who considered the more general

is the torus mass. In the limit of an infinitely slender torus:ase of the self-gravitating isothermal star.

ba = O for corotation modes. They correspond to Jordan chains Before calculating exact values, we review the necessary

of length 1 and become unstable when- 0, developing the conditions for coupling cdcients to be nonzero and explore

Papaloizou-Pringle instability (Blaes 1985). This agne the  the importance of dierent kinds of coupling for dierent types

general theory of Schutz (1980b). of torus oscillations. For this purpose, it is useful to auluce a
The decomposition of the nonlinear solutions into eigenfunmulti-index notation; the multi-indices are denoted bydstdce

tions of linear modes is a common procedure in the theory lefiters,Xa = Xa,_a, and their absolute values are given by the

stellar oscillations. Up to the second order inffim@ntsca, our number of the indicesA| = n.

Egs. (5), (6) and (8) are identical to Egs. (4.12) and (4.X3) o

Schenk et al. (2002), who considered only three-mode neatin

interactions.

In principle, a similar approach can be applied to a more gefine necessary conditions for non-zero couplingficients fol-
eral case of MHD flow. An equation that models the nonlinegy from the symmetry properties of the integrands in Eqg)-(1
evolution of the oscillation modes, would have a similamfior (17), and are natural generalization of the well-knownctde
as Eq. (6); the specific expression for the couplingfitcients ryjes for three-mode coupling (see e.g. Schenk et al. 2002).

3.1. Selection rules

would, however, dfer from the present case. azimuthal selection rule states that the integrands cannot depend
on the azimuthal angle,

3. Coupling coefficients |A|

Individual fluid elements of the torus move under the comdi)inez: My #0 = «xa=0. (21)

influence of the gravitational and pressure forces. Forrdas k=1
son, it is beneficial to separate the contributions of presand ~ Similarly, as the equilibrium configuration is symmetrichvie-
gravity and express coupling diieients, in general, as spect to the equatorial plane, the integrations are pegdoner

N (9 I ) symmetric intervals in the vertical direction and the cdngpl
k=P + 9 (12) . . . ;

o . codficients vanish when the integrands are odd functiors of

These two contributions are referred to as the pressurphogu This happens when an odd number of modes is involved, whose
and gravitational-coupling céiécients. Up to the fourth order, Lagrangian eigenfunctions are antisymmetric with resfette

they are given by reflectionz & -z
1 [Al
ke = > J\: D{()’ — 1Pnansic + 30y - Lnanec) + 1_[ e, =-1 = ka=0. (22)
k=
ZTI(ABC)} av, (12) ' . - .
In the above equatiomy, is the parity of theA,-mode under re-

@ _ i el koo flection about the equatorial plane, afgd = +1 corresponds to
Knec =73 LpfAfoCV'VIVKQ dv, (13) even and odd modes, respectively. The condition (22) isnedde
to as thevertical selection rule.

1
Kffe);co T f P {(3 — 3y + ) nanencip + 8naneco) +
P IV 3.2. Nodal modes

6(y — 2) nanenco) + 377(AB77CD)}dV (14) We consider modes whose Lagrangian eigenfunctions have at
1 o least one (but still less tharyd) node in both the andz di-
2 ==3 fpg'Agégck:g}_.,ViVijVﬁD av (15) rections; such modes are referred to asribéal modes. The
sJV Lagrangian displacements and their gradients satisfy ¢hé s
and ings
1 ~ ~
K = ] j\: 79{(1 + 6y — 4y” + 3y*)nanencnone + §n~An, VEa ~ AAn/(Bro)- (23)
: The coupling cofficients can be estimated b
10y(y — 3)manencnoe) + 20ynanencoe) + ping y
&~ poV [A/Brol ™, K ~ poV Do [A/ o], (24)

15(y - 1)panecipE) + ZOU(ABUCDE)} av, (16)
where the torus volume and the central pressure are

@ __1 ik ol _
KABCDE = T j\:pf}-\fsfcfglfgvlvkvlvmvn(b dv, (7) \V/ Nﬂzrg, Po Nﬂzrgggpo (25)
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Table 1. Selected coupling cdiécients of the epicyclic modes. The sec-3.4. Axisymmetric epicyclic modes

ond column provides formulae for the coupling fia@ent in a general ) . .
gravitational field. The third column provides the corrasiag numer- AS demonstrated in Sect. 2.1, each epicyclic mode of thestoru

ical values of the dimensionless coupling fiaents for the case of the IS accompanied by its “complex-conjugated” analog, whose
pseudo-Newtonian potential (see section 4). The radiubetdrus is frequency is opposite and whose eigenfunction is complex-

set to the location of the 3:2 epicyclic resonanges ra.. conjugated. It is therefore useful to introduce the notatio
A= — A =& 30
x(general formula) KPN) AT T A= & _ (30)
and denote complex-conjugated pairs ByA).
Kewy = Kooy —IMAAz 1 2 The second column of Table 1 contains few examples of
. MR |1 — 187539 the coupllng cofficients _bet_vveen the ‘axisymmetric gplcychc
Krrvv = Krgyy 6/ Wy |z P12 T P22 - modes obtained by substitution of relations (2) and (3) &ufoa-
KFrvy ~IMAA? #9"12 + 9022] -116211  tions (13), (15) and (;7). The mtegr:?mds were approxmh;ed
L sl 12 e leading-order terms in thep-expansions. For a simpler nota-
frrewy ~aMAA, [ré_&? (12~ Fopzz) + 9032] ~112754 " ion, we introducez;; = (98)0)o.

4. Epicyclic resonances

We examine nonlinear interaction between two epicyclic esod
of the torus. We assume that the resulting oscillations @an b
described by the Lagrangian displacement of the form

Therefore, the gravitational coupling dbeients are smaller
than the pressure ones by a factor proportional to

K970 giA-2, (26) &(t.X) = c(t) &(X) + c(t) £4(X) + cu(t) §u(X) + cH(t) §dX). (31)

. . ) . Any influence of the other modes on the dynamics of these two
Nonlinear dynamics of the nodal modes is therefore domihatg ignored (we return to this issue in Sect. 5.3). The reafty

by pressure coupling (we note tha{ > 3). the Lagrangian displacement requires that ¢ andcy = C.
The codficientsc,(t) andc,(t) are solutions of the two coupled-
3.3. Epicyclic modes oscillator equations (6). We assume tleat~ ¢ < 1 (e is a

dimensionless parameter, describing the smallness oftipé-a
The Lagrangian eigenfunctions of the epicyclic modes are élides), then the oscillators are weakly coupled and theimonl
most uniform on the torus cross-section, They cannot be caarities on the right-hand sides of the equations can beettes
pled with each other by pressure forces in the infinitely déen perturbations.
torus, since they are determined by gradients in the Laggang  Apart from the main oscillations, whose frequencies are
displacements. However, as pointed out by Blaes et al. (200@lose to the eigenfrequencies = mQp + w; andw, = m,Qp +
they may be coupled by a non-slender corrections in somewhat the solutions contain harmonics that appear because of the

thicker tori. nonlinearities in equations (6). When the two eigenfregien
To examine this possibility we approximate the eigenfunére almost commensurable, interactions between the hazson
tions of the epicyclic modes to be and main oscillation lead to resonances. ©hder of resonance
is given by the order of nonlinearities required to excite tls-
£y = §(3/) +ﬁ§§}3 +0(82), (27) onance. For a general system with two degrees of freedom, the
order of resonancp:q (p andq are relative prime numbers) is

where£ are given by (2) and (3), and both ¢beients are given by

roughly similar,l_fff\),l ~ Ayy. We calculate the leading orders fompq = P+g- 1. (32)
both the pressure and the gravitational couplingiicients. The
contribution of the zeroth-order eigenfunctions to thedigat
in the Lagrangian displacement is highly reduced because f
eigenfunctions are strictly uniform over the torus crosstion
to this order of approximation. The only nontrivial coriiecis to
the gradient are due to a small azimuthal curvature of thestor
they are however of the same ordegims the contributions of
the non-slender corrections. The pressure couplingfictents
are therefore even smaller than the gravitational coulosfi-
cients by a factor of

The only exception to this simple rule is the 1:1 resonartee, t
rder of which isn;.1 = 3.

Generally, the strength of the resonance decreases with in-
creasing order. The resonances of higher order are méie di
cult to tune because the resonance range scale¥<as (w is
an eigenfrequency of the system). Moreover, the amplitadds
phases of resonant oscillations are modulated on the tateesc
proportional toe"aw .

4.1. Selection rules for epicyclic resonances

P, () 2 . L .
Kn [Kn ~ B (28) In systems with some intrinsic symmetries, the presencaef h
) ) ) monics and occurrence of resonances depends on the symmetry
and the total coupling cdkcients are scaled according to thgyrgperties of oscillation modes. Some resonances do nefr occ

gravitational contributions, even though the eigenfunctions satisfy the correspondaiag-r
nance conditions because the nonlinearities involvedarptio-
ka = KD~ MQ22(A/ro)A (29) duction of the harmonics vanish.

We explore possible resonances up to the fourth order using
We conclude that in slender tori the nonlinear coupling leetww the method of multiple scales (Nayfeh & Mook 1979). The re-
the epicyclic modes is governed by gravity. sultis shown in the second column of Table 2. We assume that al
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Table 2. Possible resonances up to the fourth order. Due to thy using the Paczyhski & Wiita (1980) pseudo-Newtonian po-
equatorial-plane reflection symmetry of the equilibriunug) many tential,

resonances are absent between epicyclic modes. GM
O=——, R=+Ir2+2, (33)
Order General system Epicyclic modes R-Rs

resonance resonance condition  \yhereG is the gravitational constan¥] is the mass of the com-
pact object andRs = 2GM/c? is the Schwarzschild radius. The

2nd 2112 1:2 m = 2m, radial epicyclic frequency is always smaller than the eattbne.
' The latter is equal to the Keplerian orbital frequency beeahe
3rd 1:3 gravitational field of the compact object is spherically syet-
11 11 m=m, ric. The 3:2 epicyclic resonance occurs when the torus sadiu
31 iSTg = rax = 9.2GM/c? (the 3:2 radius is at 18GM/c? in
Schwarzschild spacetime).
4th 1:4 1:4 m = 4m, We first renormalize the cdigcientsca in Eqg. (6) and intro-
2:3 duce the dimensionless coupling ogientska,
3:2 3.2 3m = 2m,

4:1
G | ADA _ [ Mr5R5) ka 3
A — 2 ZCAv KA_ 2 2' ( 4)
Mr5Qs er V@A Pa, | MrgQg

The governing equations then take the form

den . - o=
coupling codficients are nonzero, which corresponds to a gerg;~ + 1waCa = iwaFA(CI), (35)
eral system with no intrinsic symmetry. Next, we apply the ve
tical selection rule (22), taking into account paritiestud tadial where the formula for the dimensionless nonlinear funetion
and vertical epicyclic modes;, = +1. Possible resonances aréa(C) is analogous to Eq. (8) (all quantities are indicated by
listed in the third column of Table 2. The fourth column showa bar). Numerical values of several dimensionless couiaig
additional conditions for azimuthal wavenumbers obtaingidg ~ €fficients evaluated ab = r3:; are listed in the third column of
the azimuthal selection rule (21). Table 1. _ . .

Apparently, both selection rules reduce significantly the, |N€ Solution of equation (35) can be found using the method

number of possible resonances — more of them are possilyle |n1ult|pI§ scales. The radial oscillations can be apprated

; ; _ _ = ~iwrt). Without any loss of generality, we as-
for the axisymmetric modesr{ = m, = 0). In the strong grav- °Y & = A exptiwr )SS O g€
itational field of both rotating and non-rotating black reléhe SUMe that the initial phase of the oscillations is such fhat R.

vertical epicyclic frequency is always greater than théadazhe. Up to the leading order, the vertical oscillations are gibgn

Therefore the first three resonances listed in the thirdmalaf & = A expiiwt), whereA,(t) € Cis a slowly changing

Table 2 does not occur for axisymmetric epicyclic modes ar?(ﬁnpl't.Ude' The slow time e_volutlon is given by the amplitude

the strongest epicyclic resonance is therefore 3:2. We thate equation, the form of which is

Kluzniak & Abramowicz (2002) anticipated this result bying i dA

the analogy of the parametric resonance in the Mathieu egquat —— ——

Rebusco (2004) and Horak & Karas (2006) achieved similar re ¢’z dt

sults in their discussion of internal resonances in thegiasticle  \wheresw = 2w, — 3w, describes the detuning of the eigenfre-

epicyclic motion. quencies from the rational ratio. It depends on the locatibn
As follows from the azimuthal selection rule, the neceghe torus centery (6w = 0 whenrg = r3.2). The dimensionless

sary condition foip:q resonance between two non-axisymmetriconstantsy, 2, and A, are given by coupling cdgcients. The

epicyclic modes ispm, — gm, = 0 (see Table 2). Therefore,corresponding formulae are

the resonance condition is the same as for the axisymmetric

modes,w;/w; = p/g (and the resonance occurs therefore gt — = [ 2 = (2 _ar. \_

the same radius), but the frequencies of the modes Herafit, @ 2% Tafiws + gmw(KrW 4Km/v)

+ (UIAP + WIAP) A +a A A =0, (36)

wy = MQ + w; andw; = MO + wy. 9K_rvv(/<_ﬁvv+ Errw) _ 8K_rrrvv], (37)
4.2. The strong-gravity 3:2 epicyclic resonance A = ng [,72”/\/4_ 2,7r2w — i, (38)
We explore the strength and resonance range of the 3:2 _

P 9 g :/%v = 3wzkmy- (39)

epicyclic resonance between the radial and vertical axisgtn
ric epicyclic modes in a slender torus. We study paramexdéc e
tation of vertical epicyclic oscillations by radial oseitions. For
simplicity, we ignore any feedback of the vertical oscithas to

the radial. This is a reasonable approximation when the iampl|

tude of the radial mode is far greater then the amplitude ef t o the first one and we obtain a linear equation. We attempt to

vertical mode. o L
] ] find its solution in the form
The dfects of strong gravity on the central object (such as a

non-rotating black hole or a compact neutron star) are dedu A, = [ay(t) + iax(t)] e 0«2 (40)

Numerical values of these constants at the resonance radius
a =1101,4, = 7814 andi, = 1.333.

When the amplitude of the vertical oscillations is smalg th
econd term in brackets in Eq. (36) can be neglected witlecesp
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0.6

I 7T The region of resonance is shown in Fig. 1. The transitiomesr
/ separating the stable and unstable regions are given byl&R. (
/ For a given amplitude of the radial oscillations, the sizehaf
resonance rangéw = |wz — wy| is proportional toA3. Instead
of the frequency detuningw, we use the corresponding radial
24 coordinatery of the torus center in the figureg(is calculated
from the well-known dependences of the epicyclic frequesci
on the radius).

The growth-rate of the unstable vertical mode is given by
- Eq. (43) and indicated by contours in Fig. 1. The maximal
growth-rate that can be obtained for a given amplitude of ra-
dial oscillations is proportional té}_and occurs whedw =
—2w A A2, It is given byymax = aw,AS. In the figure, the am-
plitude of the radial epicyclic oscillations is shown in theits
of GM/c?. The value ofA, is connected to the valu& of the
dimensionless amplitude by

stable

0.4

unstable

7

0.03

A, [GM/&)

/V(réQzATr B \/iro —

0.2+ A (45)

A= 27—
0.02 - b wr

whereé is the radial component of the radial epicyclic-mode

eigenfunction [Eq. (2)].
0oLl g [Eq. (2)]

5. Discussion

0
9.199 5.1. Strength of the resonance

0 : : We have found that the 3:2 epicyclic resonance is very seasit
9.1 9.3 9.5 tothe precise tuning of the eigenfrequencies of the toraos. F
ro [GM/c?] small amplitudes of the radial oscillations, Eq. (44) ireplthat
the range of the detuning parameter, for which the resonance
. ] o may operate, is very limited. Moreover, the growth-ratehf t
Fig.1. Region of the 3:2 parametric-like resonance between tRgyrtical epicyclic oscillations in the resonance is quiteadi. It
epicyclic modes in pseudo-Newtonian slender tori. Themasoe re- appears that these facts make the epicyclic resonaffcaitito

gion is shown in the plane of the torus position (horizontaljsus the : . . .
radial epicyclic mode amplitude (vertical). The domainsevehthe ver- i%%?irbvjig:sbomi humerical simulations as well as real playrs-

tical epicyclic oscillations are stable and unstable apassed by tran- Mo . . .
sition curves. The contours denote constant growth-rateudfcal os- In principle, our results agree with the numerical simula-

cillations. The corresponding valuesgiQ, are multiples of ®5x102  tions of Sramkova et al. (2007), who claim that the epicyclic
(zero corresponds to the transition curves). The insetedfiglure shows modes are not resonantly coupled. In their simulations #ghe r
the position and radial amplitude of the torus (“STA™-pgiimtthe sim-  dial extent of the torus is smaller than its radius by thedact
ulations ofSramkova et al. (2007). ~ 0.02, while the velocity amplitude of the radial perturbaton
are smaller than the central sound speed by the faetor3.
This situation corresponds to the amplitude of the radiallos

with two unknown real functions;(t) and ay(t). Substituting lations A, ~ 102GM/c2. In the simulations, the torus center

these expressions into equation (36), we obtain is atro = 9.2GM/c? (models A3 and A4). The corresponding
day _, 5 point [ro, A is outsi.de the resonance tongue as shown in Fig. 1.
ot [560 + Wz (/err +ak )] a =0, (41) For the same amplitude of radial oscillations our theoryijots

da maximal growth-rate/max ~ 1(T7Q_o. Besides the high precision
th + [5w + Wy (,1,,&3 - aArS)] a; = 0. (42) of the calculations, an observation of the resonance in niume

cal simulations requires considerably long simulatioresmand

These linear equations have constantfécients, therefore, we & Precisely tuned radius of the torus.
may assume that; » depends ot asa; » = &;2 expit). When
this form is inserted into equations (41) and (42) we obtain 2, comparison of the characteristic time-scales

couple of linear homogenous algebraic equationsafgr that S _ o
are solvable when In contrast to the inviscid flow considered in this paper| aea

12 cretion tori are maqle of viscous fluids. Low v_isco_sity causes
> 278 > slow secular evolution of the torus by changing its angular-
¥ WA — (E&U + “)V/lfAr) (43)  momentum distribution on a viscous timescale. These clenge
affect the torus radiug. Similarly, a viscous heating causes sec-
The amplitude of the vertical oscillation grows exponehtia ular evolution of the torus volume on the thermal timesdaéeh
when the frequency detuning is in the range < sw < w, Processes influence the eigenfrequencies of the torus apd ma
with therefore disturb the precise tuning, which is requiredigres-
_ . onance. This happens when the resonant modulation tineescal
w12 = —2w; (/LA,2 + aAf). (44) 1/y exceeds the characteristic time that the torus spends in the
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resonance region. We adopt common formulae for a thin diskand 2 are considered (the modes with higher azimuthal

(Frank et al. 1992) wavenumber are excluded because their frequencies arerhigh
. S 1. than w;;). We evaluate the eigenfrequencies in the pseudo-
tisc = a; (H/R)“tom ~ ;B tom, (46)  Newtonian gravitational field at = rs- and select only those
th = ay o, (47) pairs whose mutual interactions with the epicyclic modesat

forbidden by the selection rules. For each such combinatien
where et parameterize the accretion disk turbulence (Shakusaluate the frequency detunings,, = wr; — w1 — wy. We
& Syunyaev 1973) anthy, ~ Q ' is the orbital timescale. The do not find any pair that providesw; , within 10% of the or-
typical drifts of eigenfrequencies on these timescalestddlee bital velocity Qo. The situation is probably similar for steeper
changing radius or the volume of the torus ak&)yisc ~ Qo and  angular-momentum distributions. We expect that the rascma
(Aw)in ~ Q0. Therefore, typical times that the torus spends igondition will be satisfied only for some particular valudsio
the resonance region undergoing viscous or thermal chargesTherefore, we may conclude that the resonant coupling fs ine
similar, AT)visc ~ (AT)in ~ a7 B~2a(A/r0)* torn. If we com-  ficient and the parametric instability does not drive thergpe
pare this result with the resonant timescale, we obtain @eupfrom the epicyclic to the lowest-order modes of the torus.

limit on a1 for the resonance to operate, The high-order modes, whose eigenfunctions have many
6 nodes in both the and z directions, can be treated using the

By < o? (ﬁ) . (48) WKBJ approximation. These modes are damped more strongly
r and therefore they advect energy from the epicyclic modegmo

effectively. Their eigenfunctions can be approximated by
5.3. Effects of other oscillation modes

We considered nonlinear interactions between two epicych = £€™*, = fkrdf +szdl (49)
modes and ignored the influences of all other modes [see
Eqg. (31)]. If they are present with small amplitudes in the os _ A . .
cillations, the Eq. (36) is modified by the presence of addal Vherekr. ke > ro* andg are slowly varying functions of and
termsA,|A 2 in brackets. The shape of the transition curves af@d? is a rapidly changing phase. The wave-vecterlG) is
the growth-rates of the vertical epicyclic modes are thighdly conn_ected to the elgenfrequ_egcy of tge mzode by the d'SF"?fS'O
changed, however the size of the resonance range and thegerigation that takes the form (i~ = cs(K? + ) for the acoustic
discussion presented in this paper remain the same. and surface-gravity modess(is local speed of sound) and (ii)
More importantly, the epicyclic resonance may be 5”% = [ke/ (ke + k9)]k“ for the internal-inertial modes (Blaes et al.

pressed by the parametric instability that may quickly atlve’ 06). )
the energy from the epicyclic modes to some Iow—frequen%y We suppose that the two high-order daughter modes, 1 and
modes of the torus (Dziembowski 1982; Wu & Goldreich 2002 are governed by the same dispersion relation. The inegra
Arras et al. 2003; Nowakowski 2005). Being a resonant inte?f the three-mode coupling cfiientsk1, andkyi2 contain an-
action among three modes, the characteristic timescalbeof gxponential exp[i¢; + )] (the epicyclic modes are almost uni-
parametric instability is far shorter than that of the 3:&gplic  form, therefore their contributions are negligible). Theegrand
resonance. An important condition for this process is the eiontributes significantly only close to the point where thage
istence of a pair of low-frequency modes that form a resond?itthe exponential becomes stationary in botimdz directions
triple with the epicyclic modes. This happens when the feegu and thereforey, + kar ~ ki; + ky; ~ 0. Using the dispersion
cies and azimuthal wavenumbers of the low-frequency mod&ation, we conclude that this happens when ~ +o. On
satisfy the conditiongs, ~ w; + w, andmy + m, = 0. The the_ oth_er hand, the two modes form a resonant trlpl_e with an
‘parent’ mode (here radial or vertical axisymmetric eplayc €picyclic mode whewy; ~ o1 + 0. Hence, the corotation fre-
mode) of the highest frequeney; ; is a source of energy for guencies of the potential daughter modesa@ye: o2 ~ wr2/2,
the two ‘daughter’ modes with frequencies,. For each pair which corresponds to the eigenfrequencigs ~ wyz/2 + mQp.
of daughter modes, there exists a lower limit to the paremtien The parametric instability operates only when the moffero
amplitude above which the parametric instability beginsger- Nd the energy is the one with the highest frequency, i.e.nwhe
ate. This limit depends on the damping ratesy, of daughter @12 < Wrz. The only possible value of the azimuthal wavenum-
modes and on a coupling diieientx of the three-mode interac- Per is therm = 0.
tion asAmin o« y1y2/I«|* (Dziembowski 1982). The frequencies of the acoustic and surface-gravity modes
To decide whether the parametric instability advects gnertjiat are governed by the dispersion relation (i), increatiein-
from the epicyclic modes to some other low-frequency (pegreasings andk,. Therefore these modes will not drain energy
haps unobserved) modes, it is necessary to explore insi#tail from the epicyclic modes. Consequently, the three-moda-par
eigenfrequencies, eigenfunctions and damping rates abthe metric instability is not dangerous for the epicyclic resoce in
modes. Such analyses has been carried out by Wu & Goldrefgistant angular-momentum tori.
(2001) and Arras et al. (2003) in the context of stellar pulsa The frequencies of the inertial oscillations governed bg-re
tions. A similar study is beyond the scope of this paper bgeattion (ii) are, however, always between 0 andAs the angular-
the damping processes in tori are still only purely undexdto momentum distribution approaches the Keplerian onap-
We therefore summarize the necessary properties of patentiroaches the radial epicyclic frequency. Therefore, fdfisu
daughter modes, based on known properties of the eigerreqiciently steep distribution of angular momentum, there \él
cies and eigenfunctions of the slender torus. high-order axisymmetric inertial modes whose eigenfregies
We first examine whether possible pairs of daughter modae sificiently close tow, /2. These modes may be important
exist among the lowest order modes of the constant angulirthe parametric instability. Further careful analysiséquired
momentum tori derived by Blaes et al. (2006) (see their Table order to determine whether the nonlinear interactionth wi
4). Both axisymmetric and non-axisymmetric modes with=  these modes is flicient to suppress the epicyclic resonance.
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6. Conclusions Kato S., 2003, PASJ, 55, 801
] ] o Kato S., 2004, PASJ, 56, 905
We have applied a general theory of nonlinear pulsationtait+o Kato S., 2008, PASJ, 60, 111
ing stars to a problem of nonlinear oscillations of thickration ~ Kluzniak W., Abramowicz M.A., 2002, astro-)203314

disks. In this note, we have calculated the strength of the cdlfgg"\";‘vr I'j-' Sg(')dsfefsﬁrgﬁ :n%i%h‘gpdgﬁﬁéﬁii 526, 838
pling between epicyclic modes of slender torus. We havetake .o W.H. Abramowicz M.A., Kluzniak W., 2004, ApJ. 603, L93

closer look to a parametric excitation of vertical epicgaiotion  machida M., Nakamura K.E., Matsumoto R., 2006, PASJ, 58, 193
of the torus due to radial epicyclic oscillations in the gpi@c  McClintock J.E., Remillard R.A., 2006, In: Lewin W., van dfis M. (eds.)

resonance. Our main findings can be summarized as follows. ~Compact stellar X-ray sources, 157-213, Cambridge UrityePsess

; arayan R., Goldreich P., Goodman J., 1987, MNRAS, 228, 1
(1) While the nodal modes of the torus are coupled by.pre%ayfeh A.H., Mook D.T., 1979, Nonlinear Ocillations, Wilégterscience, New

sure gradients, the coupling between the epicyclic modgms York
erned by gravity (see Sect. 3). Nowakowski R.M., 2005, Acta Astronomica, 55, 1
(2) The strongest epicyclic resonance between the axisyRaczyaski B., Wiita P.J., 1980, A&A, 88, 23
metric modes occurs when the ratio of the vertical and hoﬁ—gpg:gggﬂ jgg Eﬂﬁgli jE igg‘s‘v mﬁﬁﬁ’ 323’ ;gé
zpntal epicyclic frequencies are close to the 3:2 ratio.dn aRef)usco P.. 2004, PASg, 56.553 T
dition, the 3:2 resonance may appear also between two N@@zzolla L., Yoshida S., Maccarone T.J., Zanotti O., 200BRMS, 344, L37
axisymmetric modes, whose azimuthal wavenumbers satisithenk A.K., Arras P., FlanagaBE., Teukolsky S.A., Wasserman ., 2002,

3m = 2m,. However, already the first possible resonance of this Phys. Rev. D, 65, 024001

kind (m = 2 andm, = 3) provides frequencies that are ap-Sgﬂﬂg S'E" igggg’ mmgﬁg’ 138’ ;1

parently too high to be identified with those observed in QPQ§akura N.I., Syunyaev R.A., 1973, AGA, 24, 337

(Sect. 4). Sramkova E., Torkelsson U., Abramowicz M.A., 2007, A&&7 641
(3) The azimuthal selection rule forbids any resonance bén Hoolst T., 1994, A&A, 286, 879
tween one axisymmetric and one non-axisymmetric epicycljgh Hoolst T, Smeyers P., 1993, A&A, 279, 417

., Rebusco P., Andreani P., Madsen H., O d ROB62ASA, 452,
mode. Note that such resonance has been recently suggegfa; ReP1c° P Andreant P, Madsen H., Overgaard ROG62A

by Bursa (2005) to explain discrepancy between spin esSfiy v, Goldreich P., 2001, ApJ, 546, 469
mates based on spectral fitting and resonance models. We note

that the conclusions (3) and (4) are consequences of the ax-

ial and equatorial-plane symmetry of the equilibrium tooasy

(Sect. 4).

(4) We have examined the stability of the vertical epicyclic
motion in the 3:2 epicyclic resonance with the radial eplicyc
oscillations. For a given amplitude of the radial oscitbas we
have found a range of torus radii for which the vertical daeil
tions are unstable. We have noted that the epicyclic res@nan
become significant only for high amplitudes of the radialilesc
lations (see Sect. 4.2).
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