Signatures of nonlinear resonances
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QPO: Simple physics?
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What oscillates?

) ©

0F +w2dr = an(or,01) + f.(6r,80,67,80) + Fr.(t),
00 +wgdh = ay(80,50) + fo(0r,50,07,60) + Fy(t).

General conditions:
e Symmetry with respect to the equatorial plane:

fr(00) = fr(—00), fg(60) = — fo(—00)
e f.and fy remain unchanged when d/dt — —d/dt.
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Nonlinear oscillations

Quadratic nonlinearity:

T + Wwir = aw?s?

A simple perturbation method:
r(e;t) = exq (t) + € za(t) + ...
leads to the system

Tn + szn — f(mn—la Ln—25 -y CCl)

that produces non-uniform expansions.
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Nonlinear oscillations

A more sophistikated method are the multiple scales

t—T1,=¢€et pn=0,1,2,..
we assume
z(e;t) — x(eT),) = ex1(T,) + €xo(T,) + ...

This leads to

82
[W + w2] Ln = f(CCn_l,ZCn_Q, )
0

Hence
r1 = A(Ty, Ts, ...)e“"TO + cc

A slow evolution of the phases and amplitudes.
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Nonlinear oscillations
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e Solution up to the first order
1 = At)e*!" + cc

where A(t) = a(t)e'*® is a slowly
varying complex amplitude

e True (observed) frequency of
oscillations is given as

W =w+ o

e Higher order solutions x5, x3, ... give
us the harmonics
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Coupling: Autoparametric resonance

’ 0 . o
".; e Small radial oscillations:
| or = A, cos(wyt),

60 + w32 [1 + oA, cos(w,t)] 66

0,

Parametric resonances: ¢ = Z,

™

e Small vertical oscillations:
00 = Ag cos(wyt),

280 |
240 |
200: 2 2
T 160, 57"+w?5r = adr<d0” « cos(2wy—2w, )+...
120:
80 -

The radial oscillations are forced by
nonlinearity o< §r24;.
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Nonlinear dynamics

e Governing equations

0F +w2dr = f.(6r,00,67,066),
00 + w360 = fy(or, 080, 67,80).

e Solutions are of the form

or = Aq(t)e“rt + cc,
00 = Ay(t)e! + cc

where A; = a(t)e*? is slowly variing complex amplitude.

e Frequency corrections: Aw = w* —w = ¢
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Nonlinear dynamics

Equations describing behaviour of amplitudes and phases

ar = o a? a3 sin -y

ag = —@ a’ ag sin -y
16 " ’

- Wy . oW

or = —o [kra} +Kgaf] — == a,ag cos,
2 - 16

. B we r 2 27 /BWQ 3

P9 = 5 |[Arar+Agap] — —ap cosy,

o v =2(¢g + wpt) — 3(¢r + 2wy t) is phase functions

e Parameters «, 3, k-, Ar, kg, A9 depend on the properties of the
system (Taylor expansion of functions f,. and fy).
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Integral of motion

The first two equations for a,(t) and ag(t) imply

d& 200
0 y=2
dt 30

e The system is conservative up to the 4th order.

d
%(af +vag) =

0.12

€ = const

0.08 -

o a, = EEV?,

Numerical solution :?:*:‘,, 2
0.04 L A ® dg V 1 _5 (

)1/2

AN IS

| | |
0 0.04 0.08 0.12 0.16

— p.10/18



Frequencies of resonant oscillations
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Amplitudes and frequencies of resonant oscillations
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Forced oscillations in an orbital motion

Fast rotators:

Slow rotators:
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Very ssimple model

i — rf?

o
+ 5 =F

The force on the particle:

F/ = Fi(¢) = Z kf;ﬂbeim(’;,

m>0

where
d=c¢d—wit =(Q—w)t
Then

P ="k, em@met,

m

. 0 10U
), 0+2—+ 555 = F%(1).
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Forced radial oscillations

We assume

50 =0, F’=0.

Governing equation

. . 1
0p — op + w,,%dp + 2dp® + azdp’ = —
0

where

5IO:T—T0

To

Z k;/;lei(Q—w*)t

m

1 /03U 1 [0*U
g = a3 = — [ — | .
27 9 \ Or3 0 ’ 6ré \ ort J,

Resonance condition
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Forced radial oscillations
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Forced vertical oscillations

We assume

o)p=0 F"=0.

Governing equation

50 2 505 = — § :ke im(Q—w, )t
+ Wy + ro : m€ ,

1 [otU
“ = 62 \ 9p 0

m(Q —wy) =w,, m=2,3,...

where

Resonance condition
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Forced vertical oscillations
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