
Signatures of nonlinear resonances
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QPO: Simple physics?

0

200

400

600

800

1000

1200

0 100 200 300 400 500 600 700 800 900 1000

3:
2

BHCs
Sco X-1
GX 5-1
4U 0614+09
GX 340+0
NS (unclassified)

900

0

5

10

15

20

25

0.3 0.4 0.5 0.6 0.7 0.8

N

n nlow high/

1655-40

1550-564
1743-322

1915+105

M/M
¤

nlow [Hz]

n
h
ig

h
[H

z]
1.0

4568101525 7

1.42.0 1.2 0.80.9 0.7 0.61.6a=0 ®

a=0.92¬

– p.2/18



What oscillates?

δr̈ + ω2
rδr = αr(δr, δṙ) + fr(δr, δθ, δṙ, δθ̇) + Fr(t),

δθ̈ + ω2
θδθ = αθ(δθ, δθ̇) + fθ(δr, δθ, δṙ, δθ̇) + Fθ(t).

General conditions:

• Symmetry with respect to the equatorial plane:
fr(δθ) = fr(−δθ), fθ(δθ) = −fθ(−δθ)

• fr and fθ remain unchanged when d/dt → −d/dt.
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Nonlinear oscillations

Quadratic nonlinearity:

ẍ + ω2x = αω2x2

A simple perturbation method:

x(ε; t) = εx1(t) + ε2x2(t) + ...

leads to the system

ẍn + ω2xn = f(xn−1, xn−2, ..., x1)

that produces non-uniform expansions.
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Nonlinear oscillations

A more sophistikated method are the multiple scales

t → Tµ = εµt µ = 0, 1, 2, ...

we assume

x(ε; t) → x(εTµ) = εx1(Tµ) + ε2x2(Tµ) + ...

This leads to
[

∂2

∂T 2
0

+ ω2

]

xn = f(xn−1, xn−2, ...)

Hence
x1 = A(T1, T2, ...)e

iωT0 + cc

A slow evolution of the phases and amplitudes.
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Nonlinear oscillations

• Solution up to the first order

x1 = A(t)eiωT0 + cc

where A(t) = a(t)eiφ(t) is a slowly
varying complex amplitude

• True (observed) frequency of
oscillations is given as

ω? = ω + φ̇

• Higher order solutions x2, x3, ... give
us the harmonics
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Coupling: Autoparametric resonance
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• Small radial oscillations:
δr = Ar cos(ωrt),

δθ̈ + ω2
θ [1 + αAr cos(ωrt)] δθ = 0,

Parametric resonances: ωθ

ωr

= n
2 ,

• Small vertical oscillations:
δθ = Aθ cos(ωθt),

δr̈+ω2
rδr = αδr2δθ2

∝ cos(2ωθ−2ωr)+...

The radial oscillations are forced by
nonlinearity ∝ δr2δ2

θ .
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Nonlinear dynamics

• Governing equations

δr̈ + ω2
rδr = fr(δr, δθ, δṙ, δθ̇),

δθ̈ + ω2
θδθ = fθ(δr, δθ, δṙ, δθ̇).

• Solutions are of the form

δr = Ar(t)e
iωrt + cc,

δθ = Aθ(t)e
iωθt + cc

where At ≡ a(t)eiφ is slowly variing complex amplitude.

• Frequency corrections: ∆ω ≡ ω? − ω = φ̇

– p.8/18



Nonlinear dynamics

Equations describing behaviour of amplitudes and phases

ȧr =
αωr

16
a2

r a2
θ sin γ,

ȧθ = −
βωθ

16
a3

r aθ sin γ,

φ̇r = −
ωr

2

[

κr a2
r + κθ a2

θ

]

−
αωr

16
ar a2

θ cos γ,

φ̇θ = −
ωθ

2

[

λr a2
r + λθ a2

θ

]

−
βωθ

16
a3

r cos γ,

• γ ≡ 2(φθ + ωθt) − 3(φr + 2ωrt) is phase functions

• Parameters α, β, κr, λr, κθ, λθ depend on the properties of the
system (Taylor expansion of functions fr and fθ).
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Integral of motion

The first two equations for ȧρ(t) and ȧθ(t) imply

d

dt
(a2

r + νa2
θ) =

dE

dt
= 0 ν ≡

2α

3β

• The system is conservative up to the 4th order.
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Frequencies of resonant oscillations

0

0.2

0.4

0.6

0.8

1

2π3π/2ππ/20

ξ

γ

γ̇ =
d

dt
[2(φθ + ωθt) + 3(φr + ωrt)] = 2ω?

θ − 3ω?
r

– p.11/18



Amplitudes and frequencies of resonant oscillations
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• Anti-correlation of
amplitudes

• Correlation of frequencies

• Period of the modulation

T ∼
16π

βωθ
E−3/2
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Forced oscillations in an orbital motion

Slow rotators:
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Very simple model

ω∗

Ω

φ

φ∼

The force on the particle:

F j
≡ F j(φ̃) =

∑

m>0

kj
meimφ̃,

where

φ̃ = φ − ω?t = (Ω − ω?)t

Then

F j =
∑

m

kj
meim(Ω−ω?)t.

r̈ − rθ̇2 +
∂U

∂r
= F r(t), θ̈ + 2

ṙθ̇

r
+

1

r2

∂U

∂θ
= F θ(t).

– p.14/18



Forced radial oscillations

We assume
δθ = 0, F θ = 0.

Governing equation

δρ̈ − µδρ̇ + ω2
rδρ + α2δρ

2 + α3δρ
3 =

1

r0

∑

m

kr
mei(Ω−ω?)t

where

δρ =
r − r0

r0

α2 =
1

2r0

(

∂3U

∂r3

)

0

, α3 =
1

6r2
0

(

∂4U

∂r4

)

0

.

Resonance condition

m = 1 : Ω − ω? = ωr
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Forced radial oscillations
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Forced vertical oscillations

We assume
δρ = 0 F r = 0.

Governing equation

δθ̈ + ω2
θ + αδθ3 =

1

r0

∑

m

kθ
meim(Ω−ω?)t,

where

α =
1

6r2

(

∂4U

∂θ4

)

0

Resonance condition

m(Ω − ω?) = ωr, m = 2, 3, ...
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Forced vertical oscillations
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