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Introduction



Introduction: observing QPOs

Sources:

I High-frequency QPOs are observed in X-rays of Low Mass
X-ray binaries

I observed in both black-hole and neutron star binaries

I Frequencies are comparable with Keplerian frequencies close
to the compact object

νISCO = 1580
M�
M

Hz

Frequency pairs (ν` and νu)

I Frequencies scales inversely with the mass of the compact
object

I Frequencies are stable in black hole sources

I Rational (3:2) ratio



High-frequency QPOs (Bursa 2004)
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Black-holes QPOs (McClintock & Remillard 2005)



Inverse mass scaling (McClintock & Remillard)
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Resonance model (Abramowicz and Kluzniak)

1. What oscillates? – frequency identification:

I Upper QPO frequency == Vertical epicyclic frequency

I Lower QPO frequency == Radial epicyclic frequency

2. Nonlinear interaction of epicyclic oscillations → resonance:

δr̈ + ω2
r δr = fr (δr , δθ) δθ̈ + ω2

θδθ = fθ(δr , δθ)

Results: Expanding up to the second order in vertical equations,

δθ̈ + ω2
θ(1 + kδr)δθ = 0

and assuming small radial oscillations, δr ∝ cos(ωr t), we get
Mathieu equation. Parametric resonance (exponential grow of
δθ(t)) when

ωθ

ωr
=

n

2

GR→ ωθ ≥ ωr → n = 3 is the strongest resonance



QPOs from AGNs? (Torok 2005)
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QPOs from AGNs? (Lachowicz et al 2006)
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QPOs from AGNs? (Lachowicz et al 2006)
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Nonlinear oscillations of fluid bodies



Lagrangian approach to perturbations

Eulerian and Lagrangian perturbations, Lagrangian displacement

δQ(x, t) ≡ Q(x, t)− Q0(x, t),

∆Q(x, t) ≡ Q(x + ξ, t)− Q0(x, t)

Lagrangian perturbations:

∆v =
Dξ

Dt
,

∆ρ

ρ
=

1− J
J

, J = det
(

δi
j +

∂ξi

∂xj

)
Dynamics may be derived from the Lagrangian density:

L =
1

2
ρ

∣∣∣∣v +
∂ξ

∂t
+ v · ∇ξ

∣∣∣∣2 − p
J 1−γ

γ − 1
− ρΦ(x + ξ).



Perturbative expansion

Expansion of the Lagrangian density, L(n) ∼ ξn

L = L(0) + L(1) + L(2) + L(3) + L(4) + L(5) +O(ξ6),

Euler-Lagrange → single governing equation:

D2ξi

Dt2
− 1

ρ
(γ − 1)∇i (p∇kξk)− 1

ρ
∇k(p∇iξ

k) + ξk∇k∇iΦ =

= a
(2)
i (ξ) + a

(3)
i (ξ) + a

(4)
i (ξ)

I LHS → Linear terms

I RHS → Nonlinear accelerations



Note: Papaloizou-Pringle equation

1

r

∂

∂r

(
ρ
∂W
∂r

)
+

∂

∂z

(
ρ
∂W
∂z

)
− m2

r2
ρW +

nρ2

(n + 1)p
σ2W = 0

I Linear perturbations of axisymmetric azimuthal flow
I Perturbation quantity

W ≡ δp

ρσ
, σ ≡ ω −mΩ

I Relation to the Lagrangian displacement

ξr = − 1

σ2 − κ2

(
σ

∂W
∂r

− mκ2

2Ωr
W

)
ξφ =

i

σ2 − κ2

(
2Ω

r

∂W
∂r

− mσ

r2
W

)
ξz = − 1

σ

∂W
∂z



Linear modes

I Solution of the linear problem:

ξ(x, t) ≡ ξ(x) exp [iωt]

I Eigenfunctions ξα(x) form (non)orthogonal basis with respect
to the scalar product,〈

ξ, ξ′
〉
≡

∫
V

ρξ · ξ′dV

I General perturbation (i.e. solution of the nonlinear equation):

ξ(x, t) =
∑
α

cα(t)ξα(x) + c̄α(t)ξ̄α(x)



Harmonic oscillators

Governing equation → equations for cα(t)

dcα

dt
+ iωαcα =

i
bα
〈ξα, a〉

where

〈ξα, a(2)〉 = κᾱβγcβcγ + κᾱβ̄γ c̄βcγ + κᾱβγ̄cβ c̄γ + κᾱβ̄γ̄ c̄β c̄γ ,

〈ξα, a(3)〉 = κᾱβγδcβcγcδ + κᾱβ̄γδ c̄βcγcδ + κᾱβγ̄δcβ c̄γcδ + κᾱβγδ̄cβcγ c̄δ +

κᾱβ̄γ̄δ c̄β c̄γcδ + κᾱβ̄γδ̄ c̄βcγ c̄δ + κᾱβγ̄δ̄cβ c̄γ c̄δ + κᾱβ̄γ̄δ̄ c̄β c̄γ c̄δ,

〈ξα, a(4)〉 = κᾱβγδεcβcγcδcε + κᾱβ̄γδε c̄βcγcδcε + κᾱβγ̄δεcβ c̄γcδcε + κᾱβγδ̄εcβcγ c̄δcε +

κᾱβγδε̄cβcγcδ c̄ε + κᾱβ̄γ̄δε c̄β c̄γcδcε + κᾱβ̄γδ̄ε c̄βcγ c̄δcε + κᾱβ̄γδε̄ c̄βcγcδ c̄ε +

κᾱβγ̄δ̄εcβ c̄γ c̄δcε + κᾱβγ̄δε̄cβ c̄γcδ c̄ε + κᾱβγδ̄ε̄cβcγ c̄δ c̄ε + κᾱβ̄γ̄δ̄ε c̄β c̄γ c̄δcε +

κᾱβ̄γ̄δε̄ c̄β c̄γcδ c̄ε + κᾱβ̄γδ̄ε̄ c̄βcγ c̄δ c̄ε + κᾱβγ̄δ̄ε̄cβ c̄γ c̄δ c̄ε + κᾱβ̄γ̄δ̄ε̄ c̄β c̄γ c̄δ c̄ε.

...Equations for nonlinear oscillators → Multiple scales.



Coupling coefficients

I Second order → three-modes coupling

καβγ =
1

2

Z
V

n
p(γ − 1)2ηαηβηγ + 3p(γ − 1)η[αηβγ] + 2pηαβγ −

ρ ξ
i
αξ

j
β

ξ
k
γ∇i∇j∇kΦ

o
dV ,

I Third order → four-modes coupling

καβγδ = −
1

3!

Z
V

n
γ(3− 3γ + γ

2)p ηαηβηγηδ + 8γp η[αηβγδ] +

6γ(γ − 2)p η[αηβηγδ] + ρ ξ
i
αξ

j
β

ξ
k
γξ

l
δ∇i∇j∇k∇lΦ

o
dV

I Fifth order → five-modes coupling

καβγδε =
1

4!

Z
V

n
γ(1 + 6γ − 4γ

2 + 3γ
3)p ηαηβηγηδηε +

10γ
2(γ − 3)p η[αηβηγηδε] + 15γ(γ − 1)p η[αηβγηδε] + 20γ

2p η[αηβηγδε] +

20γp η[αβηγδε] − ρ ξ
i
αξ

k
βξ

l
γξ

m
δ ξ

n
ε∇i∇k∇l∇m∇nΦ

o
dV ,



Symmetry arguments

Symmetry of equilibrium

(f?Q)(x i ) ≡ Q(−x i ) = Q(x i ),

(f?Q
i )(x i ) ≡ −Q i (−x i ) = Q i (x i )

→ modes of defined parity:

f?ξα = εαξα, εα = ±1

Coupling coefficient

κᾱβγ ≡ 〈ξ̄α, a(2)(ξβ, ξγ)〉 = f?κᾱβγ = 〈f?ξ̄α, a(2)(f?ξβ, f?ξγ)〉 =

= 〈εαξ̄α, a(2)(εβξβ, εγξγ)〉 = εαεβεγκᾱβγ

Then
(1− εαεβεγ) κᾱβγ = 0

→ κ... vanishes when odd number of odd modes is involved.



A simplification of the governing equations

dcα

dt
+ iωαcα =

i
bα
〈ξα, a〉

where

〈ξα, a(2)〉 = κᾱβγcβcγ + κᾱβ̄γ c̄βcγ + κᾱβγ̄cβ c̄γ + κᾱβ̄γ̄ c̄β c̄γ ,

〈ξα, a(3)〉 = κᾱβγδcβcγcδ + κᾱβ̄γδ c̄βcγcδ + κᾱβγ̄δcβ c̄γcδ + κᾱβγδ̄cβcγ c̄δ +

κᾱβ̄γ̄δ c̄β c̄γcδ + κᾱβ̄γδ̄ c̄βcγ c̄δ + κᾱβγ̄δ̄cβ c̄γ c̄δ + κᾱβ̄γ̄δ̄ c̄β c̄γ c̄δ,

〈ξα, a(4)〉 = κᾱβγδεcβcγcδcε + κᾱβ̄γδε c̄βcγcδcε + κᾱβγ̄δεcβ c̄γcδcε + κᾱβγδ̄εcβcγ c̄δcε +

κᾱβγδε̄cβcγcδ c̄ε + κᾱβ̄γ̄δε c̄β c̄γcδcε + κᾱβ̄γδ̄ε c̄βcγ c̄δcε + κᾱβ̄γδε̄ c̄βcγcδ c̄ε +

κᾱβγ̄δ̄εcβ c̄γ c̄δcε + κᾱβγ̄δε̄cβ c̄γcδ c̄ε + κᾱβγδ̄ε̄cβcγ c̄δ c̄ε + κᾱβ̄γ̄δ̄ε c̄β c̄γ c̄δcε +

κᾱβ̄γ̄δε̄ c̄β c̄γcδ c̄ε + κᾱβ̄γδ̄ε̄ c̄βcγ c̄δ c̄ε + κᾱβγ̄δ̄ε̄cβ c̄γ c̄δ c̄ε + κᾱβ̄γ̄δ̄ε̄ c̄β c̄γ c̄δ c̄ε.

... Not all κ... present!



Two-modes internal resonances

Resonance (+,+) (+,−) (−,+) (−,−)

4 : 1 YES — YES —

3 : 1 YES — — YES

2 : 1 YES — YES —

3 : 2 YES YES — —
uαα = 0 uαα = 0

1 : 1 YES uββ = 0 uββ = 0 YES
vij = 0 uij = 0

The possible resonances up to the fourth order according to parities of the two involved modes α and β. When

both parities are + all resonances are possible. For modes with different parities the strongest possible resonances

are 3:2 or 2:1. The strongest resonances with ωα < ωβ are denoted by bold letters.



Harmonic content

Harmonic (+,+) (+,−) (−,+) (−,−)

ωα α α α α

ωβ β β β β

2ωα α,β α β —

ωα + ωβ α,β β α —

ωα − ωβ α,β β α —

2ωβ α,β α β —

Harmonics present in the power-spectra of oscillations up to the second order. Listed are modes whose power

spectrum contains given harmonic.



Slender tori



Example system: slender torus

I Polytropic equation of state → Ω = Ω(r) only

ρ = ρ0f
n(r , z), p = p0f

n+1(r , z)

coincide with constant effective potential surfaces when
` ≡ const

I the function f is expanded in the vicinity of maximal pressure
point:

f = 1−
[
ω̄2

r −
2r0
`0

(
d`

dr

)
0

]
x̄2 − ω̄2

z ȳ
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Lowest-order modes (Blaes et al, 2006)

Radial epicyclic Vertical epicyclic

X-mode +-mode Breathing mode



Eigenfrequencies...

Polytropic index: n = 3/2
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...and their ratios
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Example of internal resonance

2:1 resonance
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Excitation by external forcing

I Perturbation on the star → nonstationary, nonaxisymmetric

Φ(r , z) + ϕ(r , z, φ− ω?t) = Φ(r , z) +
X
µ≥1

ϕµ(r , z) cos [µ(φ− ω?t)]

I The same order of the excitation and response, ϕ ∼ ξ

I Governing equation (up to the second order)

d2ξi

dt2
− 1

ρ
(γ − 1)∇i (p∇kξk)− 1

ρ
∇k(p∇iξ

k) + ξk∇k∇iΦ =

= k
(1)
i (t) + k

(2)
i (t, ξ) + a

(2)
i (ξ)

Forcing terms:

k
(1)
i = −∇iϕ, k

(2)
i = ξk∇i∇kϕ



Nonlinear forced oscillators

Equations for modal coefficients

dcα

dt
+ iωαcα =

i
bα

∑
β,γ

λᾱ(t) + λᾱβ(t)cβ + λᾱβ̄(t)c̄β +

κᾱβγcβcγ + κᾱβ̄γ c̄βcγ + κᾱβγ̄cβ c̄γ + κᾱβ̄γ̄ c̄β c̄γ ,

Forcing coefficients

λα(t) = −2π cos[mαω?t]

∫
S

ρ ξi
α∇i (ϕmα) dS ,

λαβ(t) = −2π cos[(mα + mβ)ω?t]

∫
S

ρ ξi
αξj

β∇i∇j(ϕmα+mβ
) dS ,



Slender torus case

I The forcing coefficient λα depends on two integrals

ϕmαr

∫
f n ∂W

∂x̄
dx̄ dȳ and ϕmαz

∫
f n ∂W

∂ȳ
dx̄ dȳ

...forcing in the radial and vertical direction

I Nonzero contributions only from modes with parities

(−,+) and (+,−)

I The only lowest-order modes excited are epicyclic.

I However there are also some higher-order modes, e.g.

W(−,+) = W10x̄ + W30x̄
3 + W12x̄

2ȳ ,

W(+,−) = W01ȳ + W21x̄
2ȳ + W03ȳ

3,



Conclusions



Conclusions

I Straight-forward method for calculating nonlinear oscillations.

I Key problem: Complete set of linear modes (easy in slender
tori, accretion disk??)

I Spectra of resonances in symmetric cases.

I Energy flow between modes in resonances → low-frequency
modulation (Horák et al, 2003).

I Free oscillations: Epicyclic modes are independent.

I External excitation → epicyclic modes (only?)

I Analysis of larger tori needed: relation between the two
expansion parameters ε and β, torus instabilities



Conclusions II

I Mode identification

I Modulation of the accretion rate

I Nonlinear interaction of the oscillations and turbulence

I Radiative processes – elmag. spectra,

...etc




