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Introduction: observing QPOs

Sources:
» High-frequency QPOs are observed in X-rays of Low Mass
X-ray binaries
» observed in both black-hole and neutron star binaries

» Frequencies are comparable with Keplerian frequencies close
to the compact object

M
VSco = 1580W®Hz

Frequency pairs (v and v,,)
» Frequencies scales inversely with the mass of the compact
object
» Frequencies are stable in black hole sources
» Rational (3:2) ratio



High-frequency QPOs (Bursa 2004)
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Black-holes QPOs (McClintock & Remillard 2005)
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Inverse mass scaling (McClintock & Remillard)
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Resonance model (Abramowicz and Kluzniak)

1. What oscillates? — frequency identification:
» Upper QPO frequency == Vertical epicyclic frequency
» Lower QPO frequency == Radial epicyclic frequency

2. Nonlinear interaction of epicyclic oscillations — resonance:
0F + w2r = £,(6r,00) 06 + w36 = fo(dr,50)
Results: Expanding up to the second order in vertical equations,
80 4+ w3 (1 + kdr)s0 = 0

and assuming small radial oscillations, dr o cos(w,t), we get
Mathieu equation. Parametric resonance (exponential grow of
06(t)) when

wg n

Wy 2

GR— wy > w, — n = 3 is the strongest resonance



QPOs from AGNs? (Torok 2005)
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QPOs from AGNs? (Lachowicz et al 2006)

[Hz]

<

hig

s

0.01
0.009r
0.008F
0.0071
0.006+
0.005r
0.004 -
0.003r
0.002r

0.001F

MCG-6-30-15
NGC 4051

2:1

3:2

0
0

x 10



QPOs from AGNs? (Lachowicz et al 2006)
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Nonlinear oscillations of fluid bodies



Lagrangian approach to perturbations

Eulerian and Lagrangian perturbations, Lagrangian displacement

IQ(x,t) = Q(x,t) — Qo(x, t),
AQ(x,t) = Q(x+&,t) — Qu(x, t)

Lagrangian perturbations:

D¢ NAp 1-JT . og
V=D p 7 J =de <j + 0%
Dynamics may be derived from the Lagrangian density:
1 i3 2 g
== = . - — pd .
L 5P v—i—at—i-v \%3 p7—1 p®(x + §)




Perturbative expansion

n

Expansion of the Lagrangian density, £(") ~ ¢
L=L0 404 2O L 20 4 £® 4 £G4 0",
Euler-Lagrange — single governing equation:

D%; 1 PN K K
Dz (v = DVi(pVi&") — p Vi(pVi€") + Vi Vb =

=370 +a7©+3"©

» LHS — Linear terms

» RHS — Nonlinear accelerations



Note: Papaloizou-Pringle equation

10 ([ oW o [ oW m? np®> o
ror (pf)r) "oz (f’a) B TE

» Linear perturbations of axisymmetric azimuthal flow
» Perturbation quantity

W= 6—"3, oc=w— mf2
po
» Relation to the Lagrangian displacement
. 1 OW  mx?
& = 02— K2 (U or 2QrW>
o — 1 (2RW mo
§ 02 — K? ( r or r? W
10w

& = 222

o 0z



Linear modes

» Solution of the linear problem:

&(x, t) = &(x) exp [iwt]

» Eigenfunctions &,(x) form (non)orthogonal basis with respect
to the scalar product,

(€¢)= | pe-gav
v
» General perturbation (i.e. solution of the nonlinear equation):

E(x. 1) = ) ca(t)€a (%) + Ca(t)€a(x)



Harmonic oscillators

Governing equation — equations for c,(t)

dc, i
dict +iwgCy = b%é(Ea,a)

where
2 = - .
€ara®) = Rapyepey + RapEacy + Raps ety + KapsTaty,
3 - - -
(€a,a®) = R&By8CBCYCs + K5 3581 Cs + RaB76cBTyCs T Kgp-58SvCs +
xaéwaﬁayc(; + nagwg?:ﬁoy?:é —+ K&B,_YSCBE,YEL; + naéwaﬁqzm
(€ara®)

K&B~8eCBCyCsCe + K&ﬁw556[357c5c€ + K&aB75eCaCyCsCe + RaB'ySECBC’YE(SCS +
K& By8e€3CyCsCe + N&B;M(Eﬁache + N&ngeéﬁoﬂrgce + N&B,Mgéﬁc.yc(;@ +
Iﬂdﬁ,—ygscfgayz_.‘gl_‘g + Kapy5e€aCyCste + K&BwSECBC'YE5E€ + K&EWSEEBE'YE5C€ +
K=

aB—’y&s’,Eﬁa’chsae + “&BWEEEBC’YQEG + K,&ﬁ;yggclgz‘»yzgfe + K&B—’ygs’,eﬁa’YQQ'

...Equations for nonlinear oscillators — Multiple scales.



Coupling coefficients

» Second order — three-modes coupling

1 2
Rafy = 3 /V {P(’Y — 1) nangny +3p(y — )njang~] + 2PNagy —

TR AGAAAITIZ
» Third order — four-modes coupling

1 2
KaBys = *;/V{WQ =37+ )Pnangnyns +8YPNas~ 8] T

67(v — 2)pnjanpn5] + p&i,&i;&f,&%V;VijV@} dav
» Fifth order — five-modes coupling

1r 2 3
Rapyse = /v {7(1 +6v — 4" + 37 )pnangnynsne +

2 2
107 (v = 3)P Mgy Nse] + 157(Y — 1)P Mo Mgy Mse] + 207 P M0 M5M~se] +

209p N Tyse) — PERERELETEIVIVV ViV b} dV,



Symmetry arguments

Symmetry of equilibrium

Q) = QL) = Q)
(LX) = —Q'(—x")=Q'(x")

— modes of defined parity:
&, =€k, €a==1
Coupling coefficient
kapy = <§a7a(2)(5ﬁ7€7)> = hKkapgy = <f*éoua(2)(ﬁ<£ﬁ7 &) =
= <€a§ma(2)(65§5,€y€7)> = €a€BEyRapy

Then
(1 — eaepey) hapy = 0

— K vanishes when odd number of odd modes is involved.



A simplification of the governing equations

de,

dita + iwaCo = bi<£cw >

where
2 = - - =
(€aa®) = Rapycaey +Rap,Tacy + RapsTy +Rs 55T
3 - - .
(€ara) = Rapy5CcyCs +Rapy TG T RapTsATICS + Rapy 5y Es T
Kaf5585vCs T Kafy5S8 T8 T Rapy58EvTs + Ra55565vCs,
4 - - =
(ga,a( )> = KaBy8eCBYC5C + K5 FGy5eCBYCSC T RaB75eCBTyC5Ce + Ry 5eCBSYCsCe T
K&pB~8eCECyCsCe + KQB’75ECBC'YC5C€ + Kaﬁ’y&eCBC’Ycﬁscf + K5 aB~yée cgcycste +
Kapas 5¢€8SyC5¢ce + Kapyse€pCyCsCe + K&B’Y5ECBC’YC5CE &B’Y&Eﬁc’YC&CE +
K&35 52¢BCyC5Ce + KdﬁwEEEBC'YE5E€ + Kdﬁf'ySECBE’YE5E€ + Kaa,—yggz'[gayt_:gi_:e.

Not all k. present!



Two-modes internal resonances

Resonance (+,+) (+—-) (—+) (=)

4:1 YES — YES —
3:1 YES — — YES
2:1 YES — YES —
3:2 YES YES — —

Uoza:O uaazo
1:1 YES UQQ =0 U[gﬁ =0 YES
V,'J'ZO U,'J':O

The possible resonances up to the fourth order according to parities of the two involved modes « and 3. When
both parities are + all resonances are possible. For modes with different parities the strongest possible resonances

are 3:2 or 2:1. The strongest resonances with wq < wg are denoted by bold letters.



Harmonic content

Harmonic (+,+) (+,—-) (—+) (—,—)
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Harmonics present in the power-spectra of oscillations up to the second order. Listed are modes whose power

spectrum contains given harmonic.



Slender tori
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Example system: slender torus

» Polytropic equation of state — Q = Q(r) only

p=pof™(r,z), p=pof"ti(r,z)

coincide with constant effective potential surfaces when
£ = const

» the function f is expanded in the vicinity of maximal pressure

point:
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Lowest-order modes (Blaes et al, 2006)

Radial epicyclic Vertical epicyclic

X-mode +-mode Breathing mode



Eigenfrequencies...

Polytropic index: n = 3/2
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..and their ratios

Ratio

Radius [Rg]



Example of internal resonance

2:1 resonance
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Excitation by external forcing

» Perturbation on the star — nonstationary, nonaxisymmetric

O(r,2) +o(r, 2,6 — wit) = B(r,2) + > u(r, 2) cos [1(¢ — wyt)]
u>1

» The same order of the excitation and response, ¢ ~ &

» Governing equation (up to the second order)

d2 i 1 1
dt£2 ) (v — 1)Vi(pV&F) — ;Vk(PVifk) + MV V0 =

= k(1) + kD (t,6) + AP (€)

Forcing terms:

KD = —vip, kB = ekvv,e

1



Nonlinear forced oscillators

Equations for modal coefficients

dcy -
E+1waca = Z)\ ) + Aas(t)cs + Az5(t)2s +
HQB,YCBC’Y + ”@[MCBCV + Ii@gﬁc/gay + HaBﬁEgE-y,

Forcing coefficients
Na(t) = —27 cos[maws ] / € Vilpm.) dS,
S

Aap(t) = —2m cos[(mqy + mﬁ)w*t]/Sﬂﬁéfévivj(@mﬁmg)di



Slender torus case

» The forcing coefficient A, depends on two integrals
0 0
cpma,/f”y_vdidj/ and cpmaz/f”y_vdid)_/
0x oy

...forcing in the radial and vertical direction

» Nonzero contributions only from modes with parities

(—,+) and (+,-)

>
» However there are also some higher-order modes, e.g.

W(_7+) = Wlo)_( + W30)_<3 + W12)_<2.)_/’



Conclusions
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Conclusions

» Straight-forward method for calculating nonlinear oscillations.

» Key problem: Complete set of linear modes (easy in slender
tori, accretion disk??)

» Spectra of resonances in symmetric cases.

» Energy flow between modes in resonances — low-frequency
modulation (Hordk et al, 2003).

» Free oscillations: Epicyclic modes are independent.
» External excitation — epicyclic modes (only?)

» Analysis of larger tori needed: relation between the two
expansion parameters € and [3, torus instabilities



Conclusions Il

Mode identification
Modulation of the accretion rate

Nonlinear interaction of the oscillations and turbulence

vV v v Y

Radiative processes — elmag. spectra,

...etc





