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Prologue
Everything has its sound...

What is the characteristic sound of accretion disks?



Outline

◮ Physics of disk oscillations in GR
→ Governing equations in GR
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Disk oscillations in GR



Stationary accretion disk model
◮ Stationary metric

ds2 = gttdt2 + 2gtφdtdφ+ gφφdφ
2 + grrdr2 + gzzdz2

Inverse metric tensor components (R =
√

g2
tφ − gttgφφ)

gtt = −gφφ/R2, gtφ = gtφ/R2, gφφ = −gtt/R2, gii = 1/gii ,

◮ Purely azimuthal motion of fluid in equatorial plane

uα = ut(δαt + Ωδαφ), uβ = ut(δ
t
β − ℓδ

φ

β
).

Angular momentum and agular velocity

Ω =
gtφ − ℓgφφ

gtt − ℓgtφ
, ℓ = −

gtφ + Ωgφφ
gtt + Ωgtφ

≡ ℓK

◮ Polytropic fluid, p ∝ ρ1+1/n, no viscosity α = 0.



Dynamics

◮ Ipser & Lindblom (1991) formalism or direct calculations

◮ Euler equation

∇αTαβ = 0, Tαβ = (e + p)uαuβ + pδαβ ,

◮ Continuity equation

∇α (ρuα) =
1
√−g

∂α
(√
−gρuα

)

= 0.

◮ Axial symmetry:

δ ∝ exp [−i(ωt −mφ] , uα∂α = −iut(ω −mΩ) = −iutσ



Perturbations – I.

(...)uβ + aβ(δe + δp) + (e + p) δaβ + ∇β δp = 0,

◮ Four-acceleration of the flow: aβ = uα∇αuβ
δaβ = uαδuβ,α + uβ,αδu

α − gµν,βu
µδuν

◮ Normalization of the four-velocity: δut = −Ωδuφ, δut = ℓδuφ.

◮ Contraction with wβ = δβ
φ

+ ℓδβt :

(e + p)

[

iσut δuφ
ut
− utℓ,kδu

k
]

− i(ℓω −m)δp = 0

◮ Poloidal components (i = r , z):

(δe + δp)ai + (e + p)

[

iσutδui −Ai
δuφ
ut

]

+ δp,i = 0



Perturbations – II.
Continuity equation

1
√−g

∂k

(√
−gρ δuk

)

+ i(ℓω −m)ρ
1

R2

u2
t

ut

δuφ
ut
− iσutδρ = 0

Vertical integration (hopefully fine for p-modes):

−iσ
δuφ
ut

+ utℓ,rδu
r + i(ℓω −m)δh = 0

−iσutδur −A
δuφ
ut

+ δh,r = 0

−iσut Σ

c2
s
δh +

1
√−g

∂r

(√
−gΣ δur

)

+ iΣ(ℓω −m)
1

R2

u2
t

ut

δuφ
ut

= 0

where

dh =
dp
ρ
, A =

Ω,r
1 − ℓΩ −

u3
t

ut

ℓ,r

R2
, κ2 =

1
grr

ut

ut
A.



Master equation – I

Radial and “azimuthal” Euler equation (D = κ2 − σ2):

δur =
i

grrut D
[σδh,r − (ℓω −m)A δh]

δuφ
ut

=
1

utD

[

grrℓ,rut δh,r − σ(ℓω −m)ut δh
]

Substitution into continuity equation + some algebra

δh,rr − ∂r ln

(

grrD(ut)2

√−gΣ

)

δh,r −

−
{

ℓω −m
σ
A∂r ln

(

(ℓω −m)
√−gΣA

grrutD

)

−

− grr(u
t)2

[

1

R2
(ℓω −m)2 +

D

c2
s

]

}

δh = 0.



Master equation – II
Introduce

x =

∫ r

0
g1/2

rr utdr , η = S−1/2δh, S = ut
(

grr

−g

)1/2 D
Σ

and obtain Schrödinger equation

[

d2

dx2
−V(σ, x)

]

η = 0

with the “potential” (only dominant terms when cs → 0)

V = −k2+
2

k2

(

dk
dx

)2

− 1
k

d2k
dx2

+
(ℓω −m)A
grr(ut)2σ

∂r ln

[

(ℓω −m)
√−gΣA

grrutD

]

◮ k2 = −
√
σ2 − κ2/cs, k → 0 at Lindblad resonances

◮ σ = ω −mΩ, σ→ 0 at the corotation radius



Axisymmetric modes

8 10 12 14 16 18 20
r

-4

-2

2

4

6

8

10
VHrL



Lowest-order axisymmetric p-modes



Boundary conditions
WKBJ approximation

η = Ak−1/2 exp

(

i
∫ r

kdx

)

+ Bk−1/2 exp

(

−i
∫ r

kdx

)

Λ ratio of the ingoing and outgoing wave amplitudes, then

2(1 + Λ)kη′ +
[

(1 + Λ)k ′ + 2i(1 − Λ)k5/2
]

η = 0

◮ outer boundary: outgoing wave only⇒ Λ = ∞

2kη′ + (k ′ − 2ik5/2)η = 0

◮ inner boundary: ???, worst case no reflection⇒ Λ = 0

2kη′ + (k ′ + 2ik5/2)η = 0



Lowest-order modes – I.
Runge-Kutta, shooting method, etc...
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Def. ∆ = ηR(r0)η
′
L(r0) − ηL(r0)η

′
R(r0). Eigenmodes⇔ ∆ = 0 .



Results

◮ Lowest-order modes for Λin = 0 (no reflection at ISCO)

Re(ω)/κmax Im(ω)/κmax Q
0.847 0.0161 52.4
0.900 0.0136 65.9
0.936 0.0067 138
0.969 0.0122 79.2
1.020 0.0135 75.5

◮ Lowest damping for modes with ω ≈ κmax

◮ Dominant in the late-time response.

◮ Analogic to the black-hole quasi-normal modes.



Simulations



Vertically integrated α-disk (Barbara Fereira, 2010)



Vertically integrated α-disk (Mao, 2009)
Dominant frequency in the power spectra.

3

4

5

6
7

10

2

3

4

5

6
7

100

2

3

F
re
q
u
en
cy
(H
z)

2 3 4 5 6 7 8 9

10
2 3 4 5

Radius (RS)



QPOs



HF QPOs in GRS 1915+105
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Conclusions



Conclusions

◮ Quasi-normal modes dominate the late-time response

◮ Consequence of GR: maximum of κ→ reproducibility,
1/M-scaling, etc...⇒ QPOs? → spin determination

◮ Calculation of the response to arbitrary initial perturbation?
⇒ QNM dominant in the late-time phase

◮ Effect of viscosity/turbulence in excitation/damping?


