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Stationary magnetized tori

in general relativity



Rotating fluid with toroidal B-field

Relativistic Euler equation (i = r , θ):

U,i −
Ω

1 − `Ω
`,i +

1
w

p,i +
1

2Lw

(
Lb2

)
,i

= 0

I U = ln(ut ) = −1
2 ln

(
−gtt + 2`gtφ − gφφ

)
(eff. potential)

I ` = uφ/ut , (ang.momentum), Ω = uφ/ut (ang. velocity)
I w = e + p (specific enthalpy)
I b2 = bαbα (b-field in comoving frame), bαuα = 0
I L = g2

tφ − gttgφφ

Abramowicz, Jaroszynski & Sikora (1978), Komissarov (2006),
Montero, Zanotti, Font, Rezzolla (2007)



Integration – I

Relativistic Euler equation (i = r , θ):

U,i −
Ω

1 − `Ω
`,i +

1
w

p,i +
1

2Lw

(
Lb2

)
,i

= 0

I Hydro (AJS78): Barotropic fluid

p = p(ρ) ⇒ ` = `(Ω)

I MHD (K06, MZFR07):

p = p(ρ) & ` = `(Ω) & (Lb2) = (Lb2)(Lw)

Polytropic relations: p ∝ ρ1+1/n, pm ∝ L
µ−1wµ



Integration – II
Integration (from the maximal-pressure point):

U + ψ` + ψg + ψm = U0 (∂rU)`,0 + (∂rψm)0 = 0

Potentials:

ψ` = −

∫ `

`0

Ω d`
1 − `Ω

, ψg =

∫ p

p0

dp
w
, ψm =

∫ Lb2

(Lb2)0

d(Lb2)

2Lw

Polytropic relations: p ∝ ρ1+1/n, pm ∝ L
µ−1wµ (MZFR07)

ρ = ρ0 fn , p = p0 fn+1 b = b0

(
L

L0

)(µ−1)/2
 1 + nc2

s0 f

1 + nc2
s0

µ/2 fµn/2

Potentials:

ψ` = −

∫ `

`0

Ω d`
1 − `Ω

,

ψg =

∫ p

p0

dp
w

= ln
1 + ncs0 f
1 + ncs0

,

ψm =

∫ Lb2

(Lb2)0

d(Lb2)

2Lw
=

µnc2
s0

(1 + ncs0)β̃p

( 1 + ncs0 f
1 + ncs0

)µ (
L

L0

)µ−1
f(µ−1)n − 1

 .



Distribution of various quantities
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Slender-torus limit (Blaes 1985)

I Small central sound speed: cs0 � r0Ω0 ∼ c = 1
I Expansion of ψg and ψm

ψg = −nc2
s0(1 − f) + O(c4

s0),

ψm =
µnc2

s0

β̃p

[
f (µ−1)n − 1

]
+ O(c3

s0).

I Expansion ofU + ψ`:

U + ψ` = U0−(∂xψm)0 x +
1
2

r2
0 (ut

0)2
[
(ω2

r0 − κ
2
0)x2 + ω2

θ0y2
]

x =
1
r0

g1/2
rr0 (r − r0), y =

1
r0

g1/2
θθ0 (π/2 − θ),

ω2
r =

(∂2
rU)`=const

grr (ut )2 , ω2
θ =

(∂2
θU)`=const

gθθ(ut )2 κ2 =
(ut

ut

)2 gtt
,r − `g

tφ
,r

grr
(ln `),r .



Slender tori

Equation describing torus structure

β̃pf + µf (µ−1)n

β̃p + µ
= F (x, y) = 1 −

1
β2

[(
ω̄2

r0 − κ̄
2
0

)
x2 + ω̄2

θ0y2
]

Slenderness parameter:

β2 =
2nc2

s0(µ + β̃p)

(ut
0)2r2

0 Ω2
0β̃p

� 1

Special cases:
I Hydro (β̃p → ∞)⇒ f = F

I Strong magnetization: (β̃p → 0)⇒ f = F 1/[n(µ−1)]

I Constant βp : (µ = 1 + 1/n)⇒ f = F



Linear perturbations



Governing equations – I
Perturbations:

δq(xα) = δq(x i) exp[−i(ωt −mφ)], σ(x i) = ω −mΩ(x i)

I Continuity equation⇒ density

∇α(ρuα) = 0 ⇒ δρ = −
i

σut ∇α (ρ δuα)

I Induction equation⇒ magnetic field

∇∗αFαβ = 0 = ∇α(bαuβ − bβuα)

⇒ δb i =
1
σut (`ω −m)bφδui

δbφ =
ωbφ(1 − `Ω)

(`ω −m)ut
δuφ −

i
`ω −m

∇k

(
`ω −m
σut bφδuk

)
.

δb t = `δbφ −
(1 − `Ω)bφ

ut
δuφ.



Governing equations – II

I Equation of state δp = c2
s δρ ⇒ pressure, w, etc...

⇒ δp = −
ic2

s

σut ∇α (ρ δuα) , δw =
[
1+(1 + n)c2

s

]
δρ

I Definition aα ≡ uβ∇βuα ⇒ four-acceleration

⇒ δaα = uβ
(
δuα,β − δuβ,α

)
+

(
uα,β − uβ,α

)
δuβ



Governing equations – III
Euler equation

∇βTα
β = 0 Tα

β = (w + b2)uαuβ + (p + pm)δαβ − bαbβ

I (azimuthal component) + `(time component) :

w
[
iσut (1 − `Ω)δuφ + ut`,kδuk

]
+i(ω` −m)δp

+
(
bφ,k + `bt ,k

)
= 0

⇒ δuφ in terms of δui

I Poloidal components:

aiδw + wδai + δp,i + δpm,i −bαδbi,α

+gαβ,ibαδbβ = 0

... substitution⇒ single 2-d equation governing δui



Oscillations of magnetized

slender tori



Modal equation

Eigen-value problem: (
σ̄2

0I + L̂
)
· ~U = 0

for the operator

L̂ · ~U = −κ̄2
0 ~ex̄~ex̄ · ~U −

1
2

f−n~∇ ·
(
fn~U

)
~∇F +

+
f−n

µ + β̃p

~∇
{
(µ − 1)fµn/2~∇ ·

(
fµn/2~U

)
+
β̃p

2n
f ~∇ ·

(
fn~U

) }
Poloidal velocity field ~U = (Ux̄ ,Uȳ), x̄ = x/β, ȳ = y/β:

Ux̄ =
1
βr0

g1/2
rr0 δu

r , Uȳ = −
1
βr0

g1/2
θθ0δu

θ

⇒ no difference between m = 0 and m > 0 modes



WKBJ analysis
Short wavelength perturbations: |~∇~U| � |~∇f | ∼ |~∇F |

L̂ · ~U = −κ̄2
0~ex̄~ex̄ · ~U +

(
c̄2

A + c̄2
s

) (
~∇ · ~U

)
c̄A,s =

cA,s

βut
0r0Ω0

I Perturbation of the form

~U ∝ exp
{

i
∫ x̄

kx̄dx̄ + i
∫ ȳ

kȳdȳ
}
,

I Dispersion relation

σ̄4
0 −

[(
c̄2

A + c̄2
s

)
k 2 + κ̄2

0

]
σ̄2

0 + κ̄2
0

(
c̄2

A + c̄2
s

)
k 2

ȳ = 0,

Solutions (k → ∞):

σ̄2
0 = κ̄0

2
(
kȳ

k

)2

and σ̄2
0 =

(
c̄2

A + c̄2
s

)
k 2

... inertial and fast magnetosonic waves



Lowest-order modes – hydro (Blaes et al, 2006)

Radial epicyclic Vertical epicyclic

X-mode +-mode Breathing mode



Lowest-order modes – I

When ~U is spatially constant:

L̂ · ~U = −
(
ω̄2

r0~ex̄~ex̄ + ω̄2
θ0~eȳ~eȳ

)
· ~U

→ two solutions – epicyclic modes

σ̄2
0 = ω̄2

r0,
~U = (1, 0)

σ̄2
0 = ω̄2

θ0,
~U = (0, 1)

Similar trick when ~∇ · ~U = 0 (incompressible X-mode)

σ̄2
0 =

1
2

[
ω2

r + ω2
θ ±

√
(ω2

r + ω2
θ)2 − 4κ2

0ω
2
θ

]
~U = (y, x).

⇒ The same result as in hydro.



Special cases
PROBLEM: Complicated relation between f and F

Special cases:
I Hydro (β̃p → ∞)⇒ f = F

L̂ · ~U = −κ̄2
0~ex̄~ex̄ · ~U +

1
2n
~∇

[
f−n+1~∇ ·

(
fn~U

)]
I Strong magnetization: (β̃p → 0)⇒ f = F 1/[n(µ−1)]

L̂ · ~U = −κ̄2
0~ex̄~ex̄ · ~U +

1
2
~∇

[
~∇ ·

(
F ~U

)]
+
µ − 2

2µ
F ~∇

(
~∇ · ~U

)
I Constant βp : (µ = 1 + 1/n)⇒ f = F

L̂ · ~U = −κ̄2
0~ex̄~ex̄ · ~U +

1
2n
~∇

[
f1−n~∇ ·

(
fn~U

)]
+

n − 1

2n[1 + n(β̃p + 1)]
f−n ~∇

(
fn+1~∇ · ~U

)



Lowest-order modes – II
Plus and breathing mode frequencies are affected by b-field.
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Parker instability – I

Second-order modes of strongly magnetized tori→ INSTABLITY
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Instability criteria: (k = κ̄0/ω̄r0)
I (+,−)-mode: µ = 6−8k2

3−10k2

I (−,+)-mode: µ = 6−14k2+8k4

3−22k2+16k4 .

No rotation: −∂x,y ln(B/ρ) > 0 ⇔ µ > 2



Parker instability – II
Higher-order modes are stabelized (Corriolis force?)
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⇒With increasing wavenumber the torus becomes more unstable



Concusions



Conclusions

I Simple probe to the complicated dynamics of accretion disks
→ Parker instability

I Other instabilities (PP, MRI): supressed
→ perturbative expansion in β (Blaes 1985, Blaes+2006)




