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Stationary magnetized tori

in general relativity
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Rotating fluid with toroidal B-field

Relativistic Euler equation (i = r, 6):

Q

Ui-m

i+ %p,,- + &;:—W (£p?), =0

v

U =In(u) =-3%In (—g” + 29" — g"””) (eff. potential)
¢ = uy/uy, (ang.momentum), Q = u?/u' (ang. velocity)
w = e + p (specific enthalpy)

b? = b%b, (b-field in comoving frame), b%u, = 0

L =g, — 9l

v
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Abramowicz, Jaroszynski & Sikora (1978), Komissarov (2006),
Montero, Zanotti, Font, Rezzolla (2007)



Integration — |

Relativistic Euler equation (i = r, 6):

Q

i’

it %p,,- + 211:—W (£p%), =0

» Hydro (AJS78): Barotropic fluid
p=plp) = (=)
» MHD (K06, MZFRO07):
p=plp) & (=0Q) & (Lb%)=(Lb%)(Lw)

Polytropic relations: p oc p'+1/7, py, oc LK wH



Integration — Il
Integration (from the maximal-pressure point):

‘ U+ e+ +Ym=Uo H (0rU)eo + (0r¥m)o =0 ‘

Potentials:

Qde P d Lb% {(Lb?
W:_fm’ lﬁg:f_p’ lpm:f (ZL )
o ' po W (£b%)o w

Polytropic relations: p o p' T/ py, oc LW (MZFRO7)

(u=1)/2 (1 + nc2 f /2
p=mf =™t b=bo( ) 2|
Lo 1+ nc
Potentials:
_ 7f[ Qd¢
be = 01—
ol
b o= [ Wene
o W 14 ncg

v fibz d(Lv?) uncly l(1 + ﬂcsof)u(i)r1 flu=t)n _ 1j,
m (£b2), 2Lw (1+nc)Bp |\ 1+ 10 /] \ Lo



Distribution of various quantities
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Slender-torus limit (Blaes 1985)

» Small central sound speed:

cso<<r0§20~c:1‘

» Expansion of y, and y,

Yy = _”050(1 —f) ‘1’0(030)’

nc2
Ym = u [f(u—1)ﬂ - 1] +0(c3).

» Expansion of U + y,:

1
U+ e =Uo—(xtlm)ox + §r§(uct))2[(‘”20 —KG)X% + Wiy ]

—gl/oz(r r), y= gééé( /2 - ),

2 (a?q’()t’:const 2 (agw)fzconst (Ut 2 gfﬁ - fgf,‘.f’
grr(ut) goo(ut) u Orr

(In¢),.



Slender tori

Equation describing torus structure

Bp + B

/}pf + pfu=1)n 1.,
S (@

Slenderness parameter:

2 zncszo(ﬂ +Bp)
N (uh)2rep,
Special cases:
> Hydro (B, = ) = f=F
» Strong magnetization: (,Bp —-0)=
» Constant Bp: (u=1+1/n)=>f=%F

_ F/In(u-1)]




Linear perturbations



Governing equations — |
Perturbations:

6q(x*) = 6q(x") exp[—i(wt — m¢)], o (x") = w — mQ(x")

» Continuity equation = density
i
V(,(pu“) =0 = 0p= —EVQ (p 6Ua/)

» Induction equation = magnetic field

ViF% =0 =V, (b - bPu®)

1

= ob = —(lw-m)b’su
ou
[ p :
sb? — wb (1—[Q)6u¢_ i v, tw M o5k
(tw — m)u; fw—m out
1—£Q)b,
oot — eopt— D0

Ut



Governing equations —

» Equation of state | op = cfép = pressure, w, elc...

A2
IC
= op=-—Va(pou), sw=[1-+(1+n)c’|sp

» Definition| a, = uBVﬁua = four-acceleration

= da, = ub ((5U(,,ﬁ - (5Uﬁﬂ) + (Uaﬁ - Uﬁﬂ) suP



Governing equations — Il

Euler equation

VeTs =0| |Tg = (w+b?)u"us + (P + Pn)5; — b®bg

» (azimuthal component) + ¢(time component) :
wiou'(1 = £Q)ous + url ,du¥| +i(wl — m)op
+ (bok + thix) = 0

= OUy in terms of ou;
» Poloidal components:

aiow + wéaj + 6p,i + 6Pm.i —b"5bi,
+0up,ib™0bF = 0

... substitution = single 2-d equation governing éu;



Oscillations of magnetized

slender tori



Modal equation

Eigen-value problem:

(31+L)-U=0

for the operator

- 1 =3 -\ =2
L-0 = —ESé’;é;-U—Ef‘”V-(f”U)VTJr
" g nj2g n/2 ) rép S (+n[)
+ NV{(,u—1)f“ V- (r20) + 221V - (f U)}
u+Bp 2n

Poloidal velocity field U = (U¥, UY), X = x/B, y = y/B:

U)'( ﬁ-:’ 1/2(5U U_ — 1 1/2

grrO B 9990
= no difference between m = 0 and m > 0 modes



WKBJ analysis
Short wavelength perturbations: ﬁUl > ﬁfl ~ Iﬁf‘fl

~

L-U:—Egé,—(é;-UJr(c‘:iJréf)(ﬁ-U) Cas =

» Perturbation of the form

. X Y
Uocexp{if k;d)'<+if kyd)'/},

» Dispersion relation

75— (28 +c?)k? + &) 52 + 3 (23 + %) k2 =0,

Solutions (k — o):
ko 2
5% = i (%) and 52 = (&2 + &2) k2

.. inertial and fast magnetosonic waves



Lowest-order modes — hydro (Blaes et al, 2006)

Radial epicyclic Vertical epicyclic

X-mode +-mode Breathing mode



Lowest-order modes — |

When U is spatially constant:
L-0= —(J)goé))—(é))‘( + @goéyéy) U

— two solutions — epicyclic modes

72 =a2, U=(1,0)
e =a2, U=(0,1)

Similar trick when V - U = 0 (incompressible X-mode)

=2 _ 1

1 .
7= 5 [w? + w2+ \/(w? + w?)? - 4K(2J(USJ U= (y,x).

= The same result as in hydro.



Special cases
PROBLEM: Complicated relation between f and 7

Special cases:
» Hydro (8, » o0) = f = F

~ o

[-U=-%2&se-U +5 V [f_”+1 (f”U)]
> Strong magnetization: (3, — 0) = f = F /=)

L-0 = %288 U+ V[V (?U)]Jr—ﬂ?ﬁ(ﬁ-ﬁ)

» Constant gp: (u=1+1/n)=f=F

g

L0 = ~R&d U+ 9|9 (10)] +

ol g (¥ 0)
2n[1 4+ n(B, + 1)]



Lowest-order modes — |l
Plus and breathing mode frequencies are affected by b-field.

179 T T T T T
breathingl/verticaL ¢ = const !
1,8 F -
PO S SO — -
= -~ T — —
ELTE bregye — 7 = = — 7
& L g/Vertlcaj\ - ST - —
3 ) \(\ - —
= Kep ~ -
g 1,6 ~ <
- plus/radial, ¢ = const T~
1,5F
174 1 | 1 | 1 | 1 | 1
0 0,2 0,4 0,6 0,8
ﬂp/(ﬁp + ]‘)

... constant g, torus.



Parker instability — |

Second-order modes of strongly magnetized tori — INSTABLITY

Instability criteria: (k = ko/®r0)
6-8k>

3-10k?
6-14k>48k*
3-22k24+16k*"

> (+,—)-mode: u =
> (=, +)-mode: u =

No rotation: —=dxyIn(B/p) >0 & u>2



Parker instability — I

Higher-order modes are stabelized (Corriolis force?)
5 T T T T T

unstable

w3 -
stable 1
2 _________________
1 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1
0 0.2 0.4 0.6 0.8 1

R/@,

= With increasing wavenumber the torus becomes more unstable



Concusions
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Conclusions

» Simple probe to the complicated dynamics of accretion disks
— Parker instability

» Other instabilities (PP, MRI): supressed
— perturbative expansion in 8 (Blaes 1985, Blaes+2006)





