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Jiřı́ Horák & Dong Lai

29.6.2012, Prague



Stationary accretion disk model

◮ Stationary metric

ds2 = gttdt2 + 2gtφdtdφ+ gφφdφ
2 + grrdr2 + gzzdz2

Inverse metric tensor components (R =
√

g2
tφ − gtt gφφ)

gtt = −gφφ/R2, gtφ = gtφ/R2, gφφ = −gtt/R2, gii = 1/gii ,

◮ Purely azimuthal motion of fluid in equatorial plane

uα = ut(δαt +Ωδαφ), uβ = ut(δ
t
β − ℓδ

φ

β
).

◮ Thin disk: p, e ≪ ρ→ pressure gradients dynamically
unimportant

◮ Keplerian angular momentum distribution: ℓ = ℓK
◮ Polytropic fluid, p ∝ ρ1+1/n

◮ No viscosity, no turbulence, α = 0.



Dynamics

◮ Ipser & Lindblom (1991) formalism or direct calculations

◮ Euler equation

∇αTαβ = 0, Tαβ = (e + p)uαuβ + pδαβ ,

◮ Continuity equation

∇α (ρuα) =
1
√−g

∂α
(√
−gρuα

)

= 0.

◮ Axial symmetry:

δ ∝ exp [−i(ωt −mφ)], ω̃ = ω −mΩ, m̃ = m − ℓω



Perturbations

Vertical integration (hopefully fine for p-modes):

−iω̃
δuφ
ut

+ utℓ,rδu
r − im̃δh = 0,

−iω̃utδur −A
δuφ
ut

+ δh,r = 0,

−iω̃ut Σ

c̄2
s
δh +

1
√−g3

∂r

(√
−g3Σ δu

r
)

− iΣm̃
1

R2

u2
t

ut

δuφ
ut

= 0.

where

dh =
dp
ρ
, A =

Ω,r
1 − ℓΩ −

u3
t

ut

ℓ,r

R2
, κ2 =

1
grr

ut

ut
A.



Master equation
Introducing

η = S−1/2δh, S = ut
(

grr

−g

)1/2
κ2 − ω̃2

Σ

one obtains Schrödinger equation

[

d2

dr2
− Veff(ω, r)

]

η(r) = 0

with the “potential” (only dominant terms when cs → 0)

Veff(ω, r) = −k2 + k ∂2
r

(

1
k

)

− m̃A
ω̃
∂r ln

( √−g3

grr

m̃AΣ
Dut

)

,

◮ k2 = g1/2
rr ut

√
ω̃2 − κ2/c̄s dominant term (WKBJ)

◮ k → 0 at Lindblad resonances

◮ ω̃→ 0 at the corotation resonance



Propagation diagram

Veff(ω, r) = −k 2 + k ∂2
r

(

1
k

)

− m̃A
ω̃
∂r ln

( √−g3

grr

m̃AΣ
Dut

)

,
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◮ Veff < 0: wave-propagation region, Veff > 0: evanescent region
◮ r < rCR: positive-energy waves (increasing the energy of the flow)
◮ r > rCR: negative-energy waves (decreasing the energy of the flow)



Corotation resonance

◮ r = rCR: corotation resonance ⇒ absorption of the waves
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◮ negative-energy waves absorbed

DAMPING
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◮ positive-energy waves absorbed

INSTABILITY

Condition for the instability in terms of the relativistic vortensity

(

d
dr

ln ζ

)

r=rCR

> 0 ζ =
grr ut κ2

√−g3AΣ(1 − ℓΩ)



Relativistic vortensity
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... Increasing vortensity with radius only in relativistic domain



Results in Kerr spacetime



Disk model

Additional assumptions:

◮ Power-law density distribution: Σ ∝ r−p

◮ Speed of sound: c̄s/(rΩK) = const

◮ Disk inner edge: rin = rISCO

Boundary conditions:

◮ Inner boundary: δu(rin) = 0

◮ Outer boundary: outgoing wave→ (d/dr − ik)δh = 0



Results

Dependence of the eigenfrequencies on the sound speed
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⇒ Nearly harmonic sequence of frequencies: 1:2:3...



Results

Density profile
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Model for HF QPOs?
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